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I. INTRODUCTION

A. Basis for the Work

Fundamental férroresonance is a jump resonance char-
acterized by a random over-voltage that may occur in situ-
ations where a modest size capacitor is connected either
in parallel or series with an iron cored transformer.

This undesirable random over-voltage across the trans-
former (Figures 1 and 2) causes overheating and insulation
damage to the transformer or customer appliances and may
result in injuries to utility personnel.

9.029 316mH Lo

Y

Figure 1. Pi circuit configuration
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I
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Supply Distribution or Power
voltage transmission line transformer
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Figure 2. Series circuit configuration




There are several trends in power system design that
may contribute to the increasing freguency of ferroreso-
nance phenomenon (l). Specifically, these trends in dis-
tribution and transmission systems are:

1. Increased use of underground cable in pri-
mary circuits of the distribution system
resulting in much higher circuit shunt ca-

pacitance than in overhead lines.

2. Increasing distribution and transmission
voltage levels.

3. Improved transformer material and design
resulting in transformers with lower values
of exciting current, higher values of magne-
tizing reactance, and higher values of shunt
capacitance.

4. Shunt compensation in transmission lines.

There is increasing evidence that the choice of the
magnetization characteristic model for any of the circuits
could influence the accuracy of the results of ferroreso-
nance studies (2). Therefore, mathematical modeling of
the magnetization curve of a power transformer appears to
be important in the evaluation of the possible occurrence
of ferroresonance (2).

There are a number of methods available in the current
literature that deal with the problem of ferroresonance for
unloaded circuit conditions. However, they can basically

be categorized into two groups: (1) the Describing Func-

tion techniques, and (2) Piecewise Linearization methods.



In addition to these procedures, a digital computer pro-
gram package developed by C. W. Gear can also be applied
to the analysis of ferroresonance (3).

It is evident that previous solutions provided by
these methods were all limited and limiting studies of

ferroresonance of the power system.

B. Objectives and Uniqueness of

this Study

This discussion is concerned with the development of
a practical tool to predict ferroresonance in pi and series
power circuits that are left complex to be more representa-
tive of real situations and without the restriction to a
specific saturation curve of power transformers. The study
examines thoroughly all the parameters affecting the oc-
currence of ferroresonance to establish the limits of cir-
cuit susceptibility and to determine the necessary analyti-
cal conditions to turn the phenomenon into a stable mode.
It is believed that for the first time (1) the Incremental
Describing Function has been applied to study ferroresonance
in the series circuit configuration, and (2) the Gear's
digital computer program is used to solve the ferroresonance

problem.

Also, the methods presented differ from previous work



in that they introduce the application of the Describing
Function based on two slopes of the magnetization curve

to find analytical solutions for cases where the graphical
technique of G. W. Swift and other methods are either in-
adequate or not applicable. This also facilitates the
study of ferroresonance for loaded conditions of a general
circuit. Simplification over existing methods will be
even more pronounced for future studies when studying this
phenomenon under different load composition and represen-
tation such as constant impedance, constant current, and
constant MVA loads.

Even for the unloaded simplified circuit configura-
tions, the labor involved in other methods is unnecessary.
if the same information can be obtained more directly by
a simple straightforward approach.

There also appears to be a lack of complete experi-
mentation in the ferroresonance area. Although there
has been some experimental work on simplified circuits,
this study includes complete experiments on both pi and
series circuit configurations. This effort should con-
tribute to a deeper physical insight and better understand-
ing of the phenomenon in power systems.

The objectives of this dissertation are:

1. To study fundamental ferroresonance in

power circuits including one transformer
with the following advantages:



The work

1.

a. Without the restriction to a specific
transformer magnetization curve repre-
sentation by nonlinear terms.

b. Provides a direct analytical solution
without the need for a trial-and-error
procedure.

c. Pertains to pi and series power circuits
and applies to power and instrument
potential transformers of the power sys-
tem.

d. Applicable with equal facility to either
loaded or unloaded circuits.

Review methods of solutions:

a. Piecewise Linearization Technigue

b. G. W. Swift's method

Cc. Gear's Digital program

d. Study Methodology - proposed method of
this study

Compare the solution of these methods with
the experimental results to determine the

best approach to study ferroresonance in a
given circuit configuration.

Some of the ‘points of difference between
previous methods and this study include de-
termining a complete set of experimentally
validated critical R, L, and C parameters

to trigger the phenomenon and providing a
basis for this study; conducting a set of
experiments to verify the analytical predic-
tion of ferroresonance and obtaining re-
sults that can be, in general, compared with
the analytical solution of the other meth-
ods.

consists of the following parts:

Application of the Incremental Input Describ-
ing Function based on the two-slope approxi-
mation of the magnetization curve. The ap-
proximation of the magnetic characteristic
of a power transformer is assumed to have
three regions: (a) the first linear part is



in close agreement with the actual curve
near the origin, (b) the second linear part,
in close agreement with the actual curve for
large current value, and (c) transitional
region, that region between the other two
which is modelled less accurately. The De-
scribing Function using the above two linear
slopes of the magnetic characteristic not
only simplify the solution of the given prac-
tical circuits but also provides a better
approximation for the transitional region
than the two-slope piecewise linearization.

2. Review of other methods such as: (a) G. W.
Swift's one~-nonlinear term Incremental De-
scribing Function, (b) piecewise lineariza-
tion, and (¢) Gear's ordinary differential
equation problem solver. Comparisons of
analytical solutions with experimental re-
sults will be accomplished in order to de-
termine the best approach to the study of
ferroresonance in typical circuits repre-
senting a power system.

3. Provide an alternative tool applicable to
pi and series practical circuits to better
understand the dynamics of the phenomenon.

4. Determination of a set of experimentally
validated critical parameters to trigger the
phenomenon.

5. Conducting a set of experiments to verify
the analytical prediction of ferroresonance
and to obtain results that can be compared
with the analytical solutions obtained by
various techniques for both pi and series
circuits. Typical results of this study
are:

a. Range of R, L, and C producing ferro-
resonance

b. Transformer critical voltage levels

c. Critical input voltage levels

d. Transient switching characteristics

A method has been presented in this study for the

analysis of ferroresonance in the unloaded or loaded pi



and series circuits configurations. In these circuits,

the threshold of inductance, capacitance, and resistance
for the onset of ferroresonance can be determined. Predic-
tion can then be made about whether or not ferroresonance
would persist once initiated and at what system voltage
level it occurs spontaneously. This method provides some
physical insight into the phenomenon because the influence
of various parameters such as frequency, inductance, re-
sistance, and capacitance on the multi-modal operation of

these circuits can easily be investigated separately.



II. LITERATURE REVIEW

The main goal of ferroresonance studies is to de-
termine whether or not ferroresonance will occur and the
number of operational modes that exist in a series or
parallel circuit. Because mathematical modeling of the
magnetic characteristic of a power transformer plays a
critical part in the outcome of the study, it 1s important
in the evaluation of the occurrence of ferroresonance.

The interest in the phenomenon in electrical circuits
can be traced back to the esarly years of the 20th century
(4-5) . In recent years, authors have recognized and re-
ported the occurrence of ferroresonance behavior in Egv
and distribution systems (6-10).

Many studies have rééorted on this subject and vari-
ous approaches have been attempted to solve one or more
aspects of the problem. Several researchers have used
analytical techniques and developed various expressions to
represent the nonlinear transformer magnetization charac-
teristic and solved the resulting differential egquation by
classical methods (ll-lS).. Others have used simulation
methods and employed physical models (16,17). In addition,

mathematical models have been developed for computations

on both analogue and digital computers (18-20).



Several authors have used two straight lines to repre-
sent the magnetization curve of the iron-cored inductor.
These studies were conducted between 1931 and 1978 and on
a series circuit consisting of a resistor, capacitor, and
an iron-cored inductor. While power transformers today
are connected to either a transmission or a distribution
l{ne, implying the presence of an inductance in the trans-
former's circuit, these studies have excluded from their
series circuit this inductance which influences the occur-
rence of ferroresonance. Also, their studies do not men-
tion anything about the linear parameters of the systems R,
L, and C, which are as important as the magnetization curve
for the analysis of ferroresonance. In summary, the circuit
for their studies did not represent a power ;ircuit.

As early as 1931, Boyajian (21) derived the differen-
tial equations for the series circuit with the magnetiza-
tion characteristic of the transformer shown in Figure 3a.
However, the necessity to compute the solutions by trial
and error with the means available at that time greatly
limited the usefulness of his method.

In 1938, Travis and Weygandt (22), and in 1939, Travis
(23) followed the same avenue as Boyajian, except that the
transformer characteristic was represented as shOWnlin

Figure 3b, and they succeeded only in predicting the possi-
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A e
Jl e 1

(a) (b) (c) (@)

Figure 3. Piecewise representations for magnetization
curve

bility of subharmonic operation of the series circuit.

In 1959, Salihi (24), and in 1970, Xassakian and
Wilson (25) adopted for their studies the transformer char-
acteristic shown in Figure~3c and assumed that it could be
replaced with a switch. Later, many authors emphasized
that the characteristic of the modern power transformer
is adequately represented by a gquintic nonlinearity in-
stead of a switch (26,27).

In recent years, emphasis has been placed on the use
of the Describing Function technigue which was developed
from nonlinear control theory (2, 26-32) and employed in
1969 by Swift (26), in studying ferroresonance. His mag-
netic characteristic model consisted of a linear term plus

a nonlinear quintic one.
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Ashok Kumar et al. noted that Swift's graphical solu-
tion gives pessimistic results concerning the prediction
of susceptibility of various power transformers to ferro-
resonance. Therefore, he intended to obtain analytically
the lambda intersecting circles. Ashok plotted ferro-
resonant regions of different nonlinearities as shown in
Figure 4 and noted that the envelope for the 7th degree non-
linearity is farthest from the real axis and that for a .
cubic is closest to it, therefore, the 7th degree nonlineari-
ty representation of the fast saturation type of transform-
ers in a given circuit is the most sensitive to the produc-
tion of ferroresonance. Ashok also noted that his general
nonlinearity envelove follows the cubic curve at (-1,0)
point, crosses the 5th degree eavelope and finally follows
the 7th degree envelope.

In 1972, Ashok XKumar et al. (2) showed that the order
of the nonlinearity determines the susceptibility of a sys-
tem to ferroresonance. This implies that G. W. Swift's
representation of the magnetization curve by one nonlinear
guintic term limited the application to a specific type of
transformer.

Kumar et al. also represented analytically the exci-
tation characteristic by a cubic type nonlinearity and ob-

tained the intersecting lambdas. However, he concluded
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Figure 4. Envelopes of different nonlinearities

that for higher order nonlinearity, it was difficult to
isolate the complex roots for finding the jump~to points.

In 1977, Prusty (30) developed an equation for a poly-
nomial type nonlinearity that he used to evaluate the
threshold frequency for a gqguintic nonlinearity. However,
he stated that it was difficult to perform the same analy-
sis on higher order nonlinearity.

Accurate method; of representation were also developed
by Teape, Slater, Simpson, and Wood (29). However, the

amount of computing time that has to be spent in simulations
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can be very great.

In 1978, Feldman and Cappabianca (33) performed fer-
roresonance studies with straight line representation of
the transformer characteristic as shown in Figure 3d4. It
will be seen from this figure that allowance is made for
the iron losses which is an improvement over previous
studies based on straight line representation. However,
previous studies indicate that of the three core magnetiza-
tion phenomena -- saturation, hysteresis, and eddy cur-
rents -- only saturation has a significant effect on fer-
roresonance studies (26,30).

In 1979, Mukherjee and Ray (34) developed a model to
determine the switching transients in a series circuit by
assuming its magnetic characteristic as piecewise linear.

In the power industry, transformers could be produced
with different magnetic material composition and different
sizes ranging from 0.015 MVA to over 30 MVA. Therefore,
it would be unrealistic to represent all these transformers
with the same single nonlinear gqguintic term of G. W. Swift.
Therefore, Swift's representation of a magnetization curve
by a single-nonlinear quintic term has limited the applica-
tion to a specific type of transformer.

In addition, Karlicek and Taylor (35) had reported the

occurrence of ferroresonance in the instrument potential
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transformer circuit of the power system. This is not a
power transformer, so Swift's model would not apply. There-
fore, if need arises to represent the magnetization curve
in differxent circuits with higher order single term non-
linearity or the general lambda polynomial type, it would
not be possible to obtain the jump point lambdas analyti-
cally.

However, if the transformer is replaced by a Describ-
"ing Function based on two slopes of the magnetization curve,
then it will be possible to obtain jump point lambdas or
currents analyitically for power transformers as well as
the instrument potential transformers.

The method of the Incremental Describing Funetion ap-
plied to the two-slope representation of a typical mag-
netic core characteristic is preferable over the direct
two-slope linearization in particular (21) and piecewise
approximation in general (34) because it does not depend
on a trial and error procedure and the system of differ-
ential equations for loaded or unloaded circuits can be
easily transformed into algebraic equations. Therefore,
higher order systems resulting from practical applications
can also be treated with nearly the same facility.

Even though progress has been made with the studies

mentioned so far, the author felt that an approach is needed



15

to study the phenomenon in a power system network where
the effort in obtaining a solution is not dependent on

the complexity of the circuit.
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III. DESCRIPTION OF METHODS USED TO

STUDY FERRORESONANCE

Using a pi circuit example, a short mathematical deri-
vation is developed for each of the following analytical
techniques, applied to ferroresonance occurring in power

circuits.

.

A. Piecewise Linearization Technigque

The approximation for the magnetization character-
istic of the transformer in unloaded pi circuit is done in
the vicinity of operating points and the actual curve is
approximated by small straight line segments as illustrated
in Figure 5. In order to maintain a reasonable accuracy,

a small signal constraint must be imposed around these
points. Total solution is obtained by combining these
segmental solutions. The system differential eguations are
then solved on a sectionalized basis by matching boundary
conditions each time a change occurs from one linear region
to another. Such boundary or initial conditions matching

is extremely tedious. Therefore, the amount of work in-
creases and the solution becomes much more complicated as
the number of segments increase, especially for higher order
differential equation models.

To illustrate this analytical technique, the pi cir-

cuit given in Figure 6 is used.



Figure 5.

Figure 6.
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The equations that apply to the pi circuit of Figure

6 are developed in Chapter 10 and summary is shown below:

I

Piecewise linearization of the magnetization
curve

9.020 316mH
AN

, L Y
T

Ein 7C1 | TCX ”
1]
1

Pi circuit used in illustrating piecewise
linearization analysis technigue
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RT + L3 + 32 = E_sin(ut+$) (10.1)
a %chdt - ?c_c (10.2)
A = by (I=a) + ¢ (10.3)
I=1I +1I, (10.4)

From the above four equations, the following third

order differential equation is obtained. Since

dIL dt dIL k
L]

ar
. da dt _ _ dx _ L
- S - A X (10.5)

and

cdt c
o M % . %
* k dt c dt LkC

since
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— ar _
I = IL + Ic and C3E < J cht
dQ dIL
I=IL+dt CLI}(-d.—'t—-__‘{Idt:Q
d21 dQ
L, —= = I_ = =
k dtz c
3
d2IL oL d IL _ dIc
e I = IL + CLk ——E— k dt3 dt
dt
drx
art L _ .
RI + Lag + Lk 3t - Em81n(wt+¢)
Q
aI c _ .
RI + LEE + = = Em51n(wt+¢)
CRI + LCQE + Q. = E C sin(wt+9¢)
dt C m
O = E C sin(wt+é) - CRI - LcSL (10.6)
c “m dt y
dz arx _ .
RI + Ldt IE - Em51n(wt+¢)

daI

L _ .
R(I +I ) + Ldt(IL+I ) + L} I - Em51n(wt+¢)

-
.

dIL dIC dIL
RIL+RIC + I, HE— + L EE_ + Lk EE— = Em51n(mt+¢)

RIL+RIc + (L+Lk)dt + L = Em51n(wt+¢)
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. d2IL ar, a3,
RIL+R(CLk 5 ) + (L+Lk)at_ + L(CLk)—3—= Ems:r.n(wt+qb)
at at
a1, -G ar,
LCL + RCL + (L+L, )~—— = E_sin(wt+¢)
k 03 k o2 k) JE m
or
a3I.  RCL. d°1 L+L_ dI. RI E
3L + LCII:k o=+ (¢ k)dtL * ch = per— Sin(wt+o)
at k dt Ly K Xk
(10.7)

However, a higher than third order system would have re-

sulted if we had started with a general rather than a pi

circuit.
Characteristic eguation:

I+L
R 2 X R
L v Lcr_.krn+ ICT, 0

Roots may be found by the numerical analysis technigue
called the secant method. However, since the last term is
less significant, compared to the remaining terms, we will

neglect it to simplify the solution.

L+L
3 R_2 k
mo o+ Fm oo m 0
k
L+L
2 R k
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ml = 0
S
2,3 2L LCL
T L
2L V¥ 4L2 4(LCLk)
LL
where L =-—Ji—
eqg L+L
k
and
W - Ry [ 1
2,3 2L ~J4L2 Leqc
__ R 3/ 1 R
2L Leqc 4L2
- _ R+
m,3 2, + IV
ot _é%t
o Icompl. = Ae + Be 51n(vt+82)
or R
I = A + Be—iftéin(vt+e )
compl. 2
E
_m : ¢
ICL, ] eJu(t+y)
‘particularl = L+

. .3 R,. .2 .
(+jw) = + f(jw) + f———(jw)
ch

LL
Further simplification of this equation with L = X
eq L+Lk

yields
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E
I =_m—2_e
Py LI w“Z

j (wt+¢+e l)

Since the source function is sinusoidal:

E E

m . m _.
I = ——— sin(wt+¢+8,) = s——=sin(wt+¢+8,)
P LLkaZ . 1 XXkZ 1
where
I L - Cw
- -1l "eg

61 = tan CR

L

An.gnalytical solution for the first two segments us-
ing this technique is given in Appendix B. A summary of
these results are given below:

1. Solution of the above eguation

-I{t E
I =2+Be 2 gin(ut+s.) + —P sin(wt+e+5.)
L 2 1
LLkw Z
ar aIg

Steady state solution:

E
- _I )
VLSS = To7 cos(@t+¢+el)
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The transformer voltage equation for the first sec-

2.
tion is:
E
. m
Etl‘sz 0 <t=ty
where 2 =‘/ (%?)2 + (L lw - Cw)2
eq
_ LlL
eq Ll+L
3. Evaluation of time.t at I = A2

The Newton-Raphson or any

method is used to find the

function crosses the limit I =
tion a guess is made as to the
value of current at I = A2:
A2-F(t')
At = —=
P (t")
dr
> . dF(t) _ L
where F (t) = 3T =3t
and
= 1
tl At+t
iterations until At = 0

and t is known.

similar numerical analysis

value of t at whicn the current

As. In the following egua-

time t' corresponding to that



24

4, The transformer voltage equation for the seccnd sec-
tion is:

dx En C Epw
Viss = 3 = (LZLlw = 1z ) coslwty+9+9,)

tl <t < t2

For the 60 Hz point the amplitude of the cosine is a
function of R, L, C, and Em. If we were to study ferroreso-
nance with this equation we should search for values of R,
L, C, and Em that would increase the magnitude of this ampli-
tude above a certain known nominal transformer voltage.

Therefore, using piecewise linearization to study
ferroresonance requires an exhaustive process of blind tri-
al and error of a large pumber of values for R, L, C, and
Em to locate the critical values for the production of fer-
roresonance.

In order to be able to make a reasonable comparison
of the results with those of the present analysis and the

method of G. W. Swift, the following parameters have to be

used:
R = 0.002 P.U.
L = 0.025 P.U.
C =50 P.U.
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(77 + (=5 - Cw)
eq :
and
E
A= 2 = ] P.U.
2
JQ%B) + (g L - o?
eq
since
L =E—L_k_
eq L+Lk
5 _ LL1
eq L+Ll
_ 0.02%
1.025
= 0.0243902 P.U.
Ll =1
L =__—1_______
2 27.434377
= 0.0364241 p.U.
Ay S 8'355{ =
Y [Ex0.002)2 T 1 g,
0.025 0.0243902

_0.22
= 5555 [0.1015346]

0.8935 P.U.

>
]

]

(10.9)

(10.10)
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A-s L (E—m - —CEm)L
dt - T2 dt Z Lz ‘72
or
Em
A= ﬁ(l—C)Lz P.U.
= 8'355[ A2 1(0.0364241)
: 2
/. (50) (0.002) 1 _ 2
=505 ! * ‘gozg390z - 39

= (8.8) (0.1015346) (49) (0.0364241)

= 1.5947097 P.U.

n

1.595 p.U.

5. In summary, the results obtained are shown below:

The voltage

(P.U.) Circuit's critical
Jump Jump input voltage
Method from to (P.U.)
Piecewise linear
method 0.89 1.595 0.22
Present analysis 0.94 1.46 0.22
Experiment 1.908 1.44 0.17

Values obtained by the proposed methodology are closer
to the experimental values than those obtained by two seg-

ments of the linear approximation (see data).

B. G. W. sSwift's Method
In recent yvears, the emphasis has been shifted to the

use of the Describing Function, developed from the nonlinear



27a

control theory. The Describing Function is a complex gain
which at fundamental frequency (60 Hertz) modifies the

amplitude and phase angle of the input to the nonlinearity:

Phasor representation of output
N(A,u) = component at frgquency W
m’ Phasor repraesentation of input
at frequency w

Unlike piecewise linearization, the describing func-
tion exhibits dependence on input signal amplitude, the
basic characteristic of nonlinear behavior. For instance,
a small signal linearization about the origin would approxi-
mate the nonlinear function by a fixed gain, the slope of
the nonlinear function at the origin. If the signal at the
input to the nonlinearity extends into the saturation re-
gion, then it seems obvious that the effective gain of the
nonlinearity N(Am) is lower than that for a small signal
around the origin. Therefore, small signal linearization
does not exhibit the desirable dependence on input signal
amplitude.

A special case of the two sinusoidal Input Describing
Function (TSIDF) is that of an amplitude of one input si-
nusoid being much smaller than the amplitude of the other.
Under this circumstance, a simple closed-form solution
exists for the nonlinearity gain to the small amplitude

input component; it is called the Incremental Input Describ-
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Figure 7. Small signal linearization vs. Describing
Function approximation
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ing Function. This function is of considerable interest

to study ferroresonance:

R(A_,0) = Fundamental of incremental output phasor
m’ Incremental input phasor

For the unloaded pi circuit, assume that the input
to the Describing Function for the nonlinearity N(Am) is

given by:
A(t) = Am cos (wt+¢) +ucos wt u << A (10.14)

and u is an incremental perturbation amplitude in A(t), ¢
is any phase relationship between the main signal and the
perturbation signal egual tou cos wt.

Assume that the input by passing through the nonlineari-
ty N(xm) is multiplied by a gain factor K(Am,¢) which is the
fundamental cémponent transfer function gain that depends
© on xm and ¢.

In this situation, K(Km,®)G(jw) + 1 = 0 will be the
characteristic equation, provided the solution harmonics
are filtered sufficiently by the G (jw) transfer function
so that the typical linear syétem stability criterion can

be used. Thus, the stability criterion is given by

KA /0)G(w) = -1
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or G(jw) = —t where the intersection points of the LHS

K(Am,¢)
and RHS of this eguation are the critical points.
In order to be able to plot G(jw) and K(Xm,¢) on the
same graph and find these critical points, we must first

solve for K(A_,¢). This is accomplished by using the dia-

gram in Figure 8.

A(E) > N(Amg) L -

Figure 8. Diagram for K(Am,é) determination

S

Using Swift's model given by i, = A+4A~, we £find

that:

iL =[kmcos(wt+¢)-+u cos wt] + 4[Amcos(wt+¢)-+u cos ut]5
(10.16)

Reducing this function by omitting terms in u2 or higher

powers of u because u << Am and omitting terms in fre-

quencies of 2w or greater because G(jw) is essentially a

low pass filter we obtain:
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lL = Am

15.4

cos (wt+¢) + U cos wt +

5,5

52 cos (wt+¢d)

+ ——Am11cos wt + 5X;licos(wt+2¢)

2

The full development of this solution for iL is given

in Appendix B.

From the definition of the incremental sinusoidal in-

put Describing Function K(Am,¢) given by:

K (\_,0) A Fundamental of incremental output phasor
m’ Incremental input phasor
we get
uri2d )+ 52 tued??
K(A ,0) = —2-0 m
m’ n
or
. _ 15,4 4 329
K(A s9) = 1L+ 54 + 54 e (10.17)
If we let
a=1+202 ana B = 5}
m m
then

X = A+Bel??

In order to graph b—%)
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where K = A+Be32¢

and K-a = Be32¢
XK-A _ j2¢

or -B—-— e

we get
B__ ~32¢ _
R-& - © =M

so
_ B+AM
K==
and
L 3

1__M _ 7”320 - 1

K BFAM 51207329 pipetd20
which yields

1 1 1 1 1

= = — and |z]| = | ——| = | —|

K B+A2 329 K B+Ae 329 B+Ae+]2¢
or

1_ 1 | - 320

= = —_— e

K p+ae 12°

Using the fact that 5%é = eJZQ, we can write the expression
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or

o-32¢

B2+AK-A2

Rearrangement gives

2 2

B24+aK-22 = xBe 329

8%-a% = -ax + xpe )2

p2-22 -K(A—Be-j2¢)

and
=320 .
LR e A - eI (10.18)
X~ B°-A 3-a® B2

This is the equation for a family of circles with a

. B A
radius and a center at (‘_——TZ'O)'
B2-A2 B2—A

For each value of Am between 0.3 to 1.4 P.U., the cor-

responding circle center and radius is calculated and
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plotted on a complex plane. The result is the family of
circles of Figure 9 with its centers located on the nega-
tive real axis and moving to the right toward the origin
as the constant Am value increases. If two smooth curves
are drawn starting from the origin and touching all these
circles from above and below the negative real axis, the
resulting curve is the envelope of the stability curve that

encloses the ferroresonant region.

Flux _ 15,4 = 4 Circle Circle
Linkage A= l+7fkm B =34 Center Radius
A_(p.u.) A(p.u.) B(p.u.) A B
m BZ-AZ B2—A2
1.4 29.812 19.208 -0.057 -0.037
1.2 16.552 10.368 -0.0994 -0.0623
1.0 8.500 5.000 =0.1799 -0.106
0.9 5.921 3.281 -0.2437 -0.1353
0.8 " 4.072 2.048 -0.3287 -0.1653
0.7 2.801 1.200 -0.4373 -0.1874
0.6 1.972 0.648 -0.5685 -0.1868
0.5 1.469 0.3125 -0.713 -0.1517
0.4 1.192 0.128 -0.849 -0.091
0.3 1.061 0.0405 -0.944 -0.036

For the linear part of the pi circuit, the component

values used in this example are given by:

R = 0.002 P.U.
L =0.021 P.U. or 0.025 P.U.
C =50 P.U.
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where Gp(s) is derived in Chapter IV.

SRSk (4.18)
S (S“LC+SRC+1)

Gp(S)

or

0.002+5(0.021)
'5152(0.021) (50)+5 (0.002) (50)+1]

Gp(s)

9.002+0. 0218
S[1.055%40.15+1]

Now letting S=jw for steady state sinusoidal analysis

we get:

0.002+0.0215w
50[1.05 (5u) 2+0.1(w)+1]

0.002+0.0215w
jwl-1.05w?+0. lw3+1]

0.002+0.0215w
~1.050°§-0. lu?+5u

0.002+0.0215w
' -0.lw2+j(w-l.05w3)

(0.002+0.0213w) (=0.lw’=3 (w=1.05w") ]
7
[~0.102+5 (w=-1.05w") ] [~0. 1w~ (w=-1.05w>]

2 .
¢ (5u) =0-00020 —50.002(w-1.050>)=50.0021w +0.021w (w=1.05w>)
P 0.0lw?s (u-1.054>) 2




G (jw

P

Gp(jm) =

Re[G(jw)] =

I
mag

Data for

)

[G(Jw)]
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4

;—0.0002w2—j0.002w+j0.0021w3:j0.0021w3+0m021w2-0.02205w

0.01l0+ (w-1.050°) 2

. 0.0208w?-0.022050%-30.002w

0.0208w2=0.022050%

0.01w+ (w-1.0503) 2

30.00 2w

0.0l (w-1.0503) 2

0.0208w2-0.02205w

0.0lu%+ (w=-1.0503)2

4

_ 0.0208-0.02205

w2

0.002w

0.0lw + (w-1.05w>) 2

0.01w%+(1-1.05

-0.002w

w2)2

two

G(jw) for L = 0.021 DP.U.:

0.010% (w-1.0502  0.0lw+w(1-1.05w

values of L are given below:

2,2
)

w ReG (jw) InG(jw) w ReG(jw) ImG(jw)
0 0.0208 . 0.28 0.0226252 -0.0084739
0.02 0.0208085 -0.1000837 0.3 0.0229225 -0.0081219
0.04 0.0208343 =-0.0501676 0.32 0.023249 -0.0078366
0.06 0.0208774 -0.0335856 9.34 0.0236067 =0.0076085
0.08 0.020938 -0.0253378 0.36 0.0239982 =0.0074307
0.1 0.0210164 -0.0204246 0.4 0.0248939 -0.0072065
0.12 0.0211131 -0.0171798 0.5 0.0279783  =0.0073206
0.14 0.0212284 -0.0148893 0.6 0.0329385 -0.0085364
0.16 0.0213631 -0.0131965 0.7 0.0415423 =0.0118746
0.13 0.0215178 -0.0119034 0.8 0.0586749 —~0.0219329
0.2 0.0216933 -0.0108913 0.9 0.0965345 -0.0729788
0.22 0.0221108 =-0.010085 0.92 0.1025018 -0.1042782
0.24 9.0221108 -0.0094346 (0.94 0.0936981 -=0.1514162
0.26 0.0223552 -0.0089057 0.96 0.0466562 =0.2030429
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G(j ) for L = 0.021 P.U.

ReG (jw) ImG(jw) w ReG (jw) ImG (jw)
5.23x10~-8=0 -0.216218 4.0 -0.0013291 -0.000002
-0.0761831 -0.1897242 5.0 -0.0008317 =-0.0000006
-0.1 -0.16 6.0 -0.0005705 =-0.0000002
-0.0065564 =-0.0000973 7.0 =-0.0004163 =-0.0000001
-0.0024849 -0.0000093 1000 -2x10-8=0 -1.8x10-18=0
for L = 0.025 P.U.

ReG(jw) InG(jw) w ReG (jw) ImG (jw)
0.0248 - 0.88 0.0684307 =-0.2592071
0.0248122 -0.1000997 0.89 0.0058458 =0.2802503
0.0248489 -0.0501998 0.89 -1.4x10-8=0 -0.2806333
0.0249103 -0.0336341 0.92 -0.1394995 -0.1837938
0.0249967 -0.0254032 0.94 -0.14236 -0.1076955
0.0251088 -0.0205074 0.96 -0.1237624 =-0.0644596
0.0252471 -0.0172807 1.0 =-0.0889655 =-0.0275862
0.0254124 -0.0150092 1.02 -0.0765856 =-0.019470
0.024606 -0.0133365 1.04 -0.0668052 =0.014274
0.0253289 -0.0120646 1.06 -0.058977 -0.0107905
0.0260826 -0.0110754 1.08 -0.052613 -0.0083632
0.0263689 -0.0102938 1.10 -0.0473602 -0.0066174
0.0266896 -0.0096701 1.2 =-0.030868 =-0.00254693
0.027047 -0.0091704 1.3 - -0.0223286 =-0.0012263
0.0274439 -0.0087708 1.4 -0.0171764 =-0.0006732
0.0278832 -0.0084543 1.5 =-0.0137597 =-0.0004031
0.0283685 -0.0082085 1.6 =-0.011345 =-0.0002569

0.34 0.0289038 -0.0080246 1.7 -0.0095582 -0.0001716
0.36 0.0294937 -0.0078966 1.8 =-0.0081897 =-0.000119
0.38 0.0301438 -0.0078202 1.9 -0.0071128 -0.0000851
0.4 0.0308603 -0.007783 2.0 =-0.0062469 -0.00006Z23
0.5 0.0357514 -0.0084183 3.0 -0.0024388 =-0.0000063
0.6 0.0442666 -0.0108897 4.0 -0.0013158 =-0.0000014
0.7 0.0611875 -0.0184265 5.0 =-.0008264 =-0.0000004
0.8 0.1034483 -0.0538793 6.0 -0.0005682 =0.0000002
0.82 0.117755 -0.0758303 7.0 -0.0004149 -7.870x107-8=0
0.84 0.1310772 -0.1134868 10.0 =-2x10-8=0 -1.28x10-8=
0.86 0.1288537 ~-9.1775762

G. W. Swift's (26) representation of the magnetization
curve by one nonlinear quintic term limited the application

to a specific type of transformers. According to Ashok Ku-
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mar et al. (2), modern power transformers with fast satura-
tion type characteristic, which are represented by the sev-
enth order, will make the system more susceptible to ferro-
resonance. Therefore, the objection reported in the litera-
ture to the use of one nonlinear term of G. W. Swift is that
the prediction of susceptibility of various practical cir-
cuits to ferroresonance obtained by the use of a single non-
linear term analysis tends to give pessimistic results. The
data below show a comparison of results obtained by the two-
slope Describing Function model proposed in this study versus
those obtained by using Swift's linear plus f£ifth order term
approximation and his experimental results. Note how close
the results of the present two slope Describing Function
core model are to those obtained by Swift as shown in
Figure 10 and the comparison data. Critical lambdas in

the stability curve of Figure 10 as compared to those pub-
lished by G. W. Swift (26) are for the critical values of:

(1) R=0.002 P.U., (2) L=0.025 P.U., and (3) C = 50P.U.

TRF voltage (p.u.) Circuit's critical
Jump Jump input voltage
Method from . to (p.u.)
G. W. Swift 0.96 1.38 0.19
(Analytical)
Present analysis 0.94 1.46 . 0.22
(Analytical)
Experimental 1.08 1.44 0.17

(G. W. Swift)
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Using G. W. Swift's method, transformer voltage switch-
ing and transient times as defined in Chapter V were also
calculated. A comparison of results indicates that although
transformer voltage switching times are in agreement, their
transient times are not. Transient time obtained by G. W.
Swift's method appears to be too long when compared with
the experimental results of about 70 ms. Switching time
is the time required to reach the critical Xm and transient
time is the time required to change from linear mode of

critical Am to that of the nonlinear mode of Xm'

Transformer voltage Transient
Method Switching time time
Swift 79.3 s 127.2 s
Present analysis 79.26 s 67.3 ms
Experimental 70 s ) 70 ms

Summary of results obtained by the three methods are shown

in the data below:

TRF voltage (P.U.) Circuit's critical
Jump Jump input voltage
Method from to (P.U.)
G. W. Swift's 0.96 1.38 0.19
Piecewise linear 0.89 1.595 0.22
Present analysis 0.9%4 1.46 0.22

Experiment 1.08 1.44 0.17
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C. Gear's Digital Program

In this study, Gear's digital computer program is ap-
plied to the analysis of ferroresonance. This program
consists of a package of subroutines known as the Gear
package developed by C. W. Gear to solve Systems of Ordi-
nary Differential Equations. The method is based on the
numerical analysis algorithm of variable step type which
adjusts the integration interval to the proper size de-
pending on function behavior. Automatic control of step
size and order is performed by the package for efficiency
in the integration. The program's user must provide a
subroutine describing the particular problem and a main
program that calis subroutine DRIVE in the package. De-
scription of the requirements and results of the program

are:

1. Program's input

a. State variables of system To solve the egua-
tions
s di di
®in = R * Lyt G v
1 /. _ dx
c flcdt T dt

'—-l
]
W
+
-
)
s
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5

and i, = A+4)X~ for the pi circuit of Figure 11.

T

R L
AN frm

% “

Figure 11. Pi circuit used in the analysis

The resulting third order differential equation must
first be converted into three first order differential egua-

tions as illustrated in the state variable formulation given

below. The basic equations are:

_ o= di dA
®in = R Y Map fE
and - ..
i=1+i,
Combining these equations with those given above, we
get:
_ .. d ,. .. di
€in = R(1c+1T) + LaE(lc+lT) + I
di di
_ o - c T da
€in = Rlg + Rig * g * Igg * &

Substituting for iT in the above equation

3

5 a i d 5 dx

— 5 A —— — ———
ein Rlc + R(A+4X7) + Lcdt3 + Ldt(k+4x ) + It
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which gives

3

2 -
_ asa 5 a-a -dA 4 dx dAa
ein = RC-dZZ— + R(}\+4>\ ) + Lcd—t—3- + ,L,a?*}' 20X -dTE + IE
Now, since e;n = Em sin wt, we can write that
Sr _ ESt Yt r @ ze200fnen, R(A+422)
ae3 LC L 42 At LC LC
Assume:
4
A= yl
dy
s 4 71 _ . _
AEFE TYL TV,
2
! )

3 3 ; '
w3t gh _ BpSin wt g gf QA(L+20A4L+1)

A =
dt3 dt3 LC L dtz dt LC
5
A+4 )
- ROE=)
Therefore,
¥1 =¥,
Yy = Y5
. 4 5
E sin ot L+20y,L+1 y. +4y
g.= B Ry oy —E 0 - R
<3 LC L*3 2 LC LC
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or

- - - _ . — - — -

v, Lo 1 o] | v, 0 .
v, =0 0 1 vy | - 0 + 0

’ 4 5 ,

. ' R (1+1) _R 20y,y,L+4Ry] E_sinwt

¥3] T IcC I "L | ¥3j L ic J LU ¢z
b. Critical parameters of the pi circuit Before

any direct prediction of transformer voltage at ferroreso-
nance can begin, it is necessary to determine first the
following relevant factors:

1. Circuit's critical input voltage (Ec) above
which ferroresonance occurs.

2. Range of circuit's critical parameters caus-
ing ferroresonance.

3. One set of circuits critical paraméters R, L,
and C.

However, using the Gear package, the items above can-
not readily be determined. Therefore, a great number of
R, L, C values and circuit input voltages must be tried be-
fore it is possible to determine whether or not ferroreso-
nance will occur across the transformer. This means that
the method neither provides the physical insight into the
phenomenon that is usually acquired by the application of
the Describing Function nor does it make available the

necessary information without an exhausting process of blind



45

trial-and-error procedure which is both time consuming
and unsatisfying.

While the circuit parameters R, L, and C are assumed
to be:

R =29.02 @ (0.002537 P.U.)

h

L 3.15 mH (0.0335069 P.U.)

C 35 urF (46.911916) P.U.)

[

Usually, the critical R, L, C, and Em values are interre-
lated and have to be found by this exhaustive trial-and-
error procedure. However, since the objective here is to
validate theoretical results, we would use the critical
values already determined to make a common base for our

comparisons.

c. Partial derivatives In addition to the state

equation coefficients, one must provide the partial deriva-

tives as illustrated below:

PD(1,1) = 0.0 DO

PD(1,2) = 1.0 DO

PD(1,3) = 0.0 DO

PD(2,1) = 0.0 DO

PD(2,2) = 0.0 DO

PD(2,3) = 1.0 DO 1

PD(3,1) = -R/(L*C)-SO.*(-C-)*(y(l)**3)*y(2)
=20.%(y (1) **4) *R/ (L*C)

PD(3,2) -(L+1.) /(L*C)=20.*(1/C) *y (1) **4

PD(3,3) -1*%(R/L)
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d. Initial conditions To complete problem formu-

lation, the initial conditions are assumed to be given by:

(&l(o) ¥, (0) ¥4 (0)
%
’ 0.0 1.0 0.0
e. Magnetization curve representation Assuming

that G. W. Swift's model, representing the core charac-

teristic of the experimental transformer is given by:

IL = A+4A5

f. Pi circuit peak input voltage The amplitude of

the input to the pi circuit is arbitrarily taken as:

Em =1,2,3,4,5,6,... 30 and 31 V in one volt steps

g. Relative error bound, EPS Used error bound

given by: EPS = 10-4.

2. Program's output

Using Gear's program, we hope to obtain transformer
jump voltage, pi circuit critical input voltage, and ferro-
resonance switching time. Similar to what was done in the
previous experiments, the circuit's input voltage supply
E. in Gear's program was successively incremented by one
volt at a time and the corresponding transformer voltage

calculated and plotted for 40 cycles. As the input voltage
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was increased from 1 to 30 V peak, the corresponding
steady state transformer voltage appeared sinusoidal and
increased gradually and linearly to a peak of about 0.5
P.U. at Em of 30 V. However, as the input voltage was in-
creased from 30 to 31 V peak, the steady state transformer
voltage jumped into a different waveform.
Program's output is:
a. Flux linkage, A(t)
b. Voltage, V,(t)

dVT(t)
c. Voltage rate of change, —aE

3. Characteristic of the nonlinear mode

As the input voltage was increased from 30 to 31 V
peak, the steady state transformer voltage jumped into a
distinctively different waveform in the following aspects:

a. Steady state peak jumped from about 0.5 P.U.
peak at Em of 30 V to 1.5 P.U. peak at 31 V.

b. Waveform of transformer voltage contained
harmonics.

c. Appearance of a small D.C. offset occurred
in transformer voltage.

d. The transformer vcltage appeared to have a

modulated amplitude at a frequency of about
12 Hz.

4. Low frequency amplitude modulating signal

However, since in our experiments we did not observe

the existence of any low frequency ampltidue modulating
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voltage, it was necessary to trace its origin. In order

to do this, the following variations in the Gear input data

was attempted:

a. Relative Error Bound Test To determine whether

this modulating signal was part of the solution or an error
generated by the program, values of EPS in the Gear program

chosen were 10 %, 10-6, and 10710,

In all these three cases,
the corresponding solution remained practically the same.
This means that the low frequency modulating signal was
indeed part of the solution provided by the Gear's program.

Low frequency
modulating signal

EPS peak (P.U.)
1074 0.1315
10°° 0.1315
10”10 0.1315
b. 1Initial conditions Same solutions were oOb-

tained when different sets of initial conditions were tried:

Initial conditions (P.U.) Modulating signal
v, (0) ¥, (0) y4(0) peak (P.U.)
0 1 0 0.1315
4

0.68 0.256.10 0 0.1315

0.512% 0.58 -0.4792 0.1315
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c. Modified magnetization curve representation

Additional nonlinear cubic term with a variable coefficient
(a3) was added to modify the original representation assumed
by G. W. Swift (26). This new representation required the

modification of the original third order differential equa-

tion as follows:

- 3 5
IL = A+ a3A + 407,
Y1 =¥,
Y, = Y5 .
. 3
. E sin wt _RC_ _ R(yl+a3yl+4yl
Y3 IC ICY3 LC
L+l+3a3yiL+20Lyi
- IC )Y,
PD(lll) = 0.0 DO
PD(1,2) = 1.0 DO
PD(1,3) = 0.0 DO
PD(2,1) = 0.0 DO
PD(2,2) = 0.0 DO
PD(2,3) = 1.0 DO
| 1+3a y2+20y4 6a.Ly.y +80Ly3y
PD(3,1) = ~R( 371 l) - 374122 142
! c LC
L+l+3a3y§L+20Lyi
PD(3,2) = - e )

PD(3,3) = - %
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3

The effect of a_A~ term on modulating signal ampli-

3
tude of the nonlinear mode was measured as seen below:

Modulating signal

23 amplitude (P.U.)

-3 output returned to linear mode

-2 output returned to linear mode

-1 output returned to linear mode

-0.5 output returned to linear mode
0 0.1315

+1 0.096

+2 0.0915

+4 0.084

+6 0.06425

+9 0.0565

It appears from these data that the modulating sig-
nal amplitude can be reduced to a practically negligible
value by the addition of the cubic term with an appropri-
ate positive coefficient. The absence of the modulating
signal from our experiment results indicates that the mag-
netization curve representation of our circuit is closer
to A+913+42> than the term A+)A° used by G. W. Swift.

A comparison of results obtained by both methods us-

ing the same circuit parameters is presented here, with
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R = 9.02 (0.002537 P.U.),

L = 316 mH (0.0335069 P.U.), and
C = 35 uF (46.911916 P.U.).
Method Magnetization curve representation
Gear's program I, = >\+4>\5
Present analysis N(km)
TRF peak Circuit's
voltage (P.U.) critical TRF voltage
Jump Jump input peak transient
Method from to voltage (P.U.) time
Gear's = 1 m=
program 0.5 1.5 0.27 550 ms
Present
analysis 0.8 1.7 0.38 67.3 ms
Experimental 0.96 1.34 0.59 70 ms
Modified magnetization
Method curve representation
Gear's program I, = A+9k3+4A5
Present analysis N(Am)
1

Includes amplitude modulating signal peak of 0.054
P.U.



TRF peak Circuit's

voltage (P.U.) critical TRF voltage

Jump Jump input peak trangient
Method from to voltage (P.U.) time
Gear's 0.33 1.226% 0.18 567 ms
program
Present 0.3 1.7 0.38 67.3 ms
analysis
Experimental 0.96 1.34 0.59 70 ms

As seen from the data, the modification of Swift's
model removed practically the amplitude modulating signal
from transformer voltage and improved on jump-to voltage
value. However, the jump-from voltage.and the critical
supply voltage values became less accurate compared to the
experimental value. Also, there is a discrepancy between
Gear's predicted voltage transient time and that of the ex-
periment as seen from Figures 63 and 64. It is believed
that these discrepancies are due to the approximate mag-
netization core representation by A+9X3+4k5. However, we
would have obtained better results if we had the magnetiza-
tion curve represented by a polynomial equation matched ac-
curately to the core characteristic of the transformer in-
3

stead of A+9X~+41".

lIncludes amplitude modulating signal peak of 0.054

P.U.
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IV. METHODOLOGY

A. Configuration of Circuits

To obtain a typical power system inductance value for
the pi and series circuits, two well-type inductors (I-701
and I-702) were connected in series to measure a reasonable
value for the experiment. The inductance of 3156 mH was
measured when the core of the inductor was on the bottom of
the well. Resistance of this inductor (9.02 Q) was calcu-
lated from measurement of the current through the inductor

(0.9 Amp RMS) and inductor power (7.31 watt):

P = I°R
X
_7.31
Ry = 031
R, = 9.02 @

Three oil filled capacitor banks were used, 250 uF
each, with toggle switches for 10 and 50 pF increments.
The investigated line transformer is rated 3 KVA, 2403/240V.
These values of R = 9.02 Q and L = 316 mH are used in the pi

and series circuits of Figures 1 and 2, respectively.
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B. Experimental Determination of
Maénetization Curve

The magnetization curve was experimentally determined
for the 3 KVA line transformer using the following opera-

tional amplifier circuit:

1Mo

—W
WwF
;§— —
s , 10Kg
" Variac § AAAA
v e
S0k
25000
10Ka Vertical
(»)
Horizontal
{1} >'
Figure 12.

Circuit for determining transformer's
magnetization curve

Ve

Rg

Sl

(Amp) =

Iy

_ 100 L .
(WT/Amp) = —Z—OJVcdt— =5 fVcO.t
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vac (V~-RMS) Reading Scale Calculated
Yy ® ¥ ® X I
66 3.6D 4.1D 0.2/D 1/D 3.6  0.41
75 1.7D 5D 0.5/D 1/D 4,25 0.5
85 1.82D 3.4D 0.5/D 2/D 4.55 0.63
95 2.1D 5.1D 0.5/D 2/D 5.25 1.02
105 2.3D 3D 0.5/D 5/D 5.75 1.5
115 2.5D 4.5D 0.5/D 5/D 6.25 2.25
125 2.7D 3.4D 0.5/D 10/D - 6.75 3.4
135 2.,95D 5.2D 0.5/D 10/D 7.375 5.2

The magnetization characteristic of the 3 kVA line

transformer was then plotted as shown in Figure 13.

It can be assumed that the magnetic characteristic of

a power transformer has three regions:

1.

Unsaturated (initial) region: The first
linear part that is 1in close agreement with
the actual curve near the origin.

Saturated region: The second linear part
that is in close agreement with the actual
curve near the saturation.

Transition region: It is the transitional
reglon between the two linear parts. This
is the region where the most error occurs
between the actual and the two linear parts.




(52, 7.375)

0.615 fm————— e . (0.615, 6.8)

Figure 13, Experimentally determined magnetization curve

9s
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C. Mathematical Model of Power Transformer

1. Pi circuit transformer Describing Function

The asymptotic lines were drawn, one for the unsatur-
ated (initial) and the other for the saturated region.

These asymptotes intersected at the point A = 5.8, I =

0.615.
_0.615 _ . -
m; = £ig== = 0.1060345
M = My

4.585 _ 5 9111111

m, = 27.454377 P.U.

2
ip = 0,A = Al
..0 = mzkl + I0
o
I0 = —mzkl or Al = - ﬁ;
I T
2 AO-Al
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cm, = 200

or

Ip = (my=my) A,

Substituting in the above equation:

g mzx(t) + (ml--mz)k0

ig = myA(t) 0828, (4.1)
i
T
4
A "2
170 L=
/]
e A
0 /A
/10
/
/
/
/
/
10/

Figure l4. Two-slope representation of magnetization
curve in a pi circuit
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i iT
f § A
I
4=
P
s) IR =
im| I wt=9
s
/M2 1
1 {1
I ir
| \
0 1| 1
A I ~A
. 80-5\-0-— {
|
1/2 —Al‘— m2
ﬂgeao—"g—' m4 |
i : /|
Lt -\
0 /Mg
/
/
/
/
/
/
ywt=0 I /
- 0
Figure 15. Nonlinear mode transformer current in a

pi circuit
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and

i

= (@m-my)dg + myd(t) B<b<m/2 (4.2)

where knee of the curve is AO and

W

.8
0 5.8

>
I

0.6551724 P.U.

The nonlinearity is assumed to be static, single valued,
odd, and sinusoidal input Describing Function. Therefore,

by definition of the Describing Function (DF), N(hm):

-.’T
4 2
N(Am) = = J f(meLn 8)sin 6 46
m ‘0
= [J m.) (t)sin g ds +f {(m,-m4) Aq +
%T; 0 1 5 172770
0
+ mzk(t)} sin 6 48]
Since A(t) = Amsin 6
5 T
N(rx_) = —é—- f Ozn (X _sinB)sin 848 + 2 { (m,-m,) A
N (A, ka[ . 1 (A sinf)sin i my-m,) Aq
0

+ m, (Xmsin 6)}sin 6 48]



N(Am)

N(Am)

I
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@ NlA

i
e —_
4 ° in2 ’ { A~5ind
= [f mlkm51n 5 4s +f (ml-mz) pSin
m 0 60
m.A_sin’e de}as]
2'm
e0
4 l1-cos26
a—[f M AT 98
m ‘0
T
r2 l~cos28
+ {(m -m., )A.sinf 48 + m, A (—=—=—)asb]
e 0 2
5 T
2m . 0 2  2m X
1 sin26 4 2 sin28
- [6 > ] - wA [(m m )Aocose]e + = [8 ]
0 0
2ml sin2—0 4 T )
- [60— 5 1+ Tr;\m(ml—mz))\o[—cos > + cos ao]
a
. 2m2[3 ) sin2{ )] ) 2m2[e _ sin2 O]
T "2 2 T 0 2
2mle0 2m290 2ml sin260 2m2 sin26O
- + m, - +
T T 2 T 2 T 2
A
4, 0
+ F(ml mZ)T_ coseO
m
2(m,-m.) 2(m,-m,) sin26 A
1l 72 172 0
_—__?——_60 - - [ > - 2x— cosSO] + m2
m
2 (m,-m.,) sin26 A )
172 0 0
————;———[90— — + 27— cosGO] + m,

m
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since
AO = Am51n60
A
0 .
— = sin 6
Am 0
. -1%g
90 = sin T—
m
and

151n260 251n60 cose0

2 2
= 51n60 coseO
2 (m,-m.,) A 2
. _ 1720 -1t .
..N(Am) —--———E———[Sln —_ 51n80 cose0 + coseo] + m,
. m m
2 (m,-m.) A A 2A
1 72 .. =170 0 0
- [sin T " coseo(x— - Tﬁ_)] + m,
m m
2(m,-m.,) _qA A
ln 2 [sin lxg - coseo(—xg)] + m,
m m
2 (m,-m.,) _qA A
= ———lg—z—[sin lxg + 79 cosGO] + m2
m m
2 (m,-m,) oA A
=L 2010, 90 1202 4
T A A A 2
m m m
1
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dsin™" 70, _ 1 d__ 2o,
di o 5 dr_ A
0 2 m m
1- ()
m
) >‘o
_ T 2
dN () _ 2 (my mz)[ A + L 2o, 2
ar_ 7 . ()
m
1- (<22
Y
m
5 4
Ag a=% A A
- (}\_0.)4} (-2—% + 4—%)]
m Am }‘m
_(92 L 292 1
. 2(m-m,) T X X
N() = 2 -
A Ao, 2
/1-(70—)2 - ()
m
A
200 &
+ m 0 ]
[ o2
1- (=)
Am
) A
0,1 0
-2(=2) 2 ()
_ 2(ml—m2)[ Am XZ)- N Am
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In using the Describing Function Technique, the tran-
sitional region error is minimized and the small signal
constraint of the piecewise linearization is lifted but
the advantage of linear approximation is retained. What
must be done now is.to determine the operation performed
by the nonlinear element (Power Transformer) on the input
signal of finite size, and approximate this in some way by
a linear operation.

Then, the magnetization characteristic of the power
transformer may be represented by the odd, single-valued,

static, and sinusoidal Describing Function, N(Km):

A A X
N(A) = —2 2 (sin”t 04 0 /1 (92 4 (4.3)
n = . - 2

where
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Assume the input to the nonlinearity N(Am) is Am’ the

magnitude of the fundamental amplitude of the output is:

Output = Input x N(Am)

since
- Flux linkage
eqg Current
A
L, = v
s T TNy (48
- 1
eg Nikmi

2. Series circuit Transformer Describing Function N(Iml

In the series circuit configuration of Figure 2, the
same calculated values for resistance (9.02 Q) and measured
inductance (316 mH) were used. For mathematical conven-

ience, the magnetization curve is rotated, where

- 1 -
m, = s—yTITTT = 0-3435115
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- 1 -
ml = m’g‘o—m = 9,4308943
m = T
ce my = 1 P.U.

0.0364241 P.U.

=]
I

A(t) = mZiT(t) + Xl (4.5)

Since A (t) = xo at lT = IO

Aa=A
0 "1 _
T = m, (4.6)
0
Ana=A
IO_Il = my (4.7)
0 71
®
A
1
== =m (4.8)
Il 1

Solving Equations 4.6 and 4.7, we get:

Aomr = IoMo

>
)

>
|

0r = ml(IO-Il)
oMy = ml(IO—Il)

Iom2 = mlI0 - mlIl
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Figure 16. Experimentally determined magnetization
curve rotated for mathematical convenience
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m, I, ~ I, m

mIy T Mt T o™
mlIl = Io(ml-mz)
r - Io(ml-mz)
1 my
A 2
AO =z
31 Ed ]
AR
|1
L1
11 Io l"'l'
Figure 17. Two-slope representation of magnetization curve

in a series circuit

Using Equation 4.8, we obtain:

l:

Substituting in Equation 4.5:
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Lo A(t) = mziT(t) + Io(ml-mz)
S () = mli(t) 056590 (4.9)
- - s T
A(t) = (ml m2)I0 + mzl(t) 605852 (4.10)

where knee of the curve is IO and

1 =24 - 0.6504065 p.U.

By definition of the static, single valued, odd, and sinu-

soidal input Describing Function, N(Im):

s
N(I) = F%-JZ £(I sin 6)sin 8 d6
m
0
60
N(Im) = =7 [j' mli(t)sin 8 ds
m
0
I
2
+ f;Xml-mz)Io+m2i(t)}sin 8 4o}
0
Assume i(t) = Imsin 8
s {0
N(Im) = FT_[f ml(Imsin 8)sin 6 de
m
0
)
2

+ f {(ml-mz)IO + mz(Imsin 8) }sin 6 48]

%
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Ywt=0

Figure 18. Transformer voltage of the nonlinear
mode in a series circuit
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8 I
s [0 2 2
N(Im) = H—[J mlIm51n 6 46 + j (ml-mz)Iosn.n g8 ds
m ‘O 60
T
2 2
+ J mZI sin®8 d6]
g, <0
0
T
4 90 l-cos 26 2z
N(Im) = F.f—[f mlIm(—T——)de+ [ (ml-m2)Ios:Ln 6 de
m~-‘0 eo .
T
2
l-cos 26
+ Je m,I (———)as]
0
T
2m. . 8 4
_ sin 28.°0 4 _ 2
N(Im) = — [6- > ]0 =7 [(ml mZ)Iocos e]e
o 0
2m %
+ —=[6~sin 28]
T 6
. 0
2ml sin 260 4 -
N(Im) = T[GO - 5 ] + TrIm(ml‘mZ)IO [-cos 3 + cos 90]
. m N
. 2m2[1 ) sin 2(5)] ) 2m2[e } sin 280]
T 2 2 T 0 2
NI = 2m190 ) 2m280 e 2ml sin 280 . 2m2 sin 260
m T T 2 T 2 T 2
I
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2 (m,-m.,) 2(m,-m,) _-: I
N(I)=———Sl 2 - 1 =2 2[s1n260 +2—Ocosel+m
m T 0 T — Im 0 2
2 (m,-m,) sin 26 I
I 0 Yo
N(Im) = —Tr—-—[eo -— t 2Im cos 60] + m,
i-= Imsin 6
I0 = Imsz.n 60
I
0o _ .
I = sin 60
m I
6. = sin~t =2
0 Im
and
sin 260 _ 2sin eo cos eo
2 - 2
= sin 90 cos 60
2(m,-m,) I 2T
. 1T™ -1 70 : 0 L
--N(Im) = [sin T - -sin 60 cos eo + §— cos 3]
m m
+ m,
2 (m,-m,) 4, I I 21
= _73; 2 [sin ! —I—O - cos eO(I—o - —IO)] + m,
m m m
2 (m,-m.,) I I
1 72 ..=1 70 0
= {sin T + T cos 90] + m,
m m
2(m,-m.) I I /'_I—
_ Sty -1 T 0/, _ (.0,2
N(Im) = ————F———[Sln i + — {1 (f_) ] + m,
m m m
2 (my-m,) -1 I I, 5 Iy 4 %
N(Im) =—W—[Sln — + {(_=L-—) - (I—) } + m,
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a sin” (= I
m 1 d Almv
at = a1
m I m " m
J1- (2% 2
m
Lo
-T2
AN (I,) NQJHBNVH In
QHB T Ho 5
HIAMI
m
1
= 2 4
I I, 2 12 1
+ 2% - D2 3 D
m m HB HB
o2 (Do21
) NEH-BNJ In Lo n Lo
N(I_) = -
m il
I . I
\T?Hbvm .h?HloVN
m m
To,24 1
294 L
HB Ho
+ .\ll ]
I
0,2
HIAWW
2092 L (20y4 1
= 2 + 2
T i
J1- 92 1- (%)
m m
92 L
m I, 5 m
HIAMIV
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Timmm) Doz 1 /i
I I

™

I—
. —4(m m)I / '
IN (I) = ———m— 2 (—)

m m

Then, the magnetization characteristic of the power
transformer can be represented by the odd, single-valued,

static, and sinusoidal input Describing Function, N(I):

I I
) 0 0 0,2
2 o=l =+ = (1= () +m (4.11)
o ———F————[51n I I I ] 2

2(m,-m
N(I

S
n

Assume the input to the nonlinearity N(Im) is Im’ the

magnitude of the fundamental amplitude of the output is:

OQutput = Input - N(Im)

since
L _ Flux linkage
eg Current
. ImN(Im)
eel = —
eg Im
Leg = N(Im) (4.12)
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D. Linear Part Representation

of ﬁhe’System

Pi circuit GD(S,R,L,C)

Four equations are required to describe completely

the shunt-circuit configuration of Figure 1:

e di(t)

10, _an(e)

Eflc(t)dt = 3t (4.14)
i6) = ig(8) + i_(¢) (4.15)
I (t) = £(A) = A+a x> # a.a® +...+ a A" (4.16)
. 3 s et )

If we assume that equations 4.13, 4.14, and 4.15 are

Laplace transformable, then:

Ein(s) = RI(s) 4+ LSI(s) + SA(s)

I(s) = IT(s) + IC(S)

and from Equation 4.13:

E._(s)
A(s) = 22— - (R*'sLs)us)

dA(€) (4.13)
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Substituting 4.15 in the above eguation:

E. _(s)
A(s) = 22— - (R;LS)[IT(S)+IC(S)]
E._(s)
as) = 22— - B (s) - A1 (s

Substituting 4.14 in the above equation:

E. _(s)
_ _in _ R+SL _ (R+LS 2
A(s) = S 3 IT(S) ( S ) [STCA(s)]
E. _(s)
_ 1in _ R+SL
A(s) + (R+LS)CSA(s) = S S IT(s)
E._(s)
A(s) + RCS A(s) + LCSZA(s) = —iB R¥SL 1 (s)
(] s T
2. Ein®®)  pigp
A(s)[1 + RCS + LCS"] = S S IT(s)
E._ (s)
.o oA(s) = in — - R+SL . IT(S)
 S(1+RCS+LCS”)  S(1+RCS+LCS”)
Let:
1
Gin(s) = > (4.17)
S (1+RCS+LCS™)

and

G_(s) = R+LS - (4.18)

P S (1+RCS+LCS?)

Then, Gp(s) is the linear part of the system repre-
sentation.

SA(s) = Gin(s)Ein(s) - Gp(s)IT(s) (4.19)
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This equation is represented by the following block dia-

gram:

G (S) | NCAm) Gp(S)

Figure 19. Standard block diagram representation for
the pi circuit

If we assume that the linear system Gp(s) satisfies
the Filter Hypothesis, i.e., it acts to filter out all
significant harmonics generated by the nonlinearity, then
the feedback is linear because it is the Fundamental Fre-

guency of the output current of the nonlinearity.

2. Series circuit GS(S,R,L,C)
Two equations are regquired to describe the series cir-
cuit configuration:

di

_ os T, 1. da (%)
Ein = RlR + Ldt + CJ’lCdt + 3t . (4.20)
i= lR = lC = lL = lT (4.21)

If we assume that the above equations are Laplace

transformable, then:
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= 1
Ein(S) = RIR(S) + LSIL(S) + E§IC(S) + S X(S)

= - - - L
SA(S) = Ein(S) RIR(S) LSIL(S) CSIc(s)

Substituting 4.21 in the above equation, we obtain:

= - - - L
SA(S) = E,_(S) - RIL(S) - LSIL(S) - £glp(S)

. _ 1
Sx(s) = Ein(s) - [R + Ls + EE]IT(S)

[R + LS + é%]IT(S) = E,;,(5) - 5A(S)

L) = FinS) ___cs®as)
T RCS + LCS® + 1 RCS + LCS® + 1

Let
G, (8) = — cs (4.22)
1 LCS® + RCS + 1
and
cs?
G (S) = 5 (4.23)

LCS™ + RCS + 1

Then, GS(S) is the linear part of the system representation.

.'.IT(S) = Gin(S)Ein(S) - GS (S) A (S) (4.24)
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This equation is represented by the following block dia-

gram:

Figure 20. Standard block diagram representation for the
series circuit

where

I.. = fundamental freguency input current in the
series circuit

’Ein(S) = input voltage

A(S) = output flux linkage of the nonlinearity

If we assume that the linear system G(S) satisfies
the Filter Hypothesis, i.e., it acts to filter out all sig-
nificant harmonics generated by the nonlinearity, then the
feedback is linear because it is the fundamental frequency

of the output flux of the nonlinearity.
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E. Two-slope Incremental Input

Describing Function

1. Pi circuit N(AmLQL

For the nonlinear system, the possibility of a jump
resonance is studied in terms of a sinusoidal perturbation
of frequency about a steady state forced oscillation at
the same frequency, i.e., the input to the nonlinearity is
made up of two voltage signals, one the steady state input
and another with much smaller amplitude but shifted in

phase:
A(t) = Kmsin wt + psin(wt+d) (4.25)

where the second term represents the incremental input such

L]

that

and

A(E)

Ansin wt + usin wt cos¢ + ucos wt sind

(Am+ cos¢)sin wt + (usind)cos wt

/(xm+ cosé) 2+ (usine) %

(Am+ cos¢)sin wt psiné cos wt
X +

/(Am+ucos¢)2+(usin¢)2 VGAm+ucos¢)2(u5in¢)2
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= J(Am+ucos¢)2+(usin¢)2[sin wt cos Yy + cos wt siny]

where
Y = tan Am+ucos¢ (A+ucos¢) “+(using)
sing
since
H << A
m A_+ucoso
m
. j’ 2 . 2
oo J(A_tucosed)” + (using)”™ = A_ + ucos¢
m m
and
-1 using U .
tan —— = — sind
Xm+ucos¢ Am
Hence, the input to nonlinearity can be written as:
using, T (4.26)

A(t) = (Xm+ucos¢) sin(wt + Am

If we represent the Describing Function as a complex
gain of the transformer input in the pi circuit block dia-
gram of Figure 19, substitute 4.26 in Equation 12.2 and

manipulate, we will obtain the Incremental Input Describ-

ing Function of Appendix D equation 12.3:

AmN(km)(

NOR6) = NO) + BB (1407239
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2. Series circuit N(Im,¢)

We will assume that the input to the nonlinearity is
made up of two current signals, the steady-state input,

and another with much smaller amplitude but shifted in

phase.

Considering that steady-state input and its incre-

ment of the same fregquency, we have:

i(t) = Imsin wt + usin(wt+¢)

where the second term represents the incremental input, such

that
i(t) = Imsin wt + usin wt cos¢ + ucos wt sing
= (Im+ucos¢)sin wt + (psing)cos wt
(I_+ucos¢)sin wt
=,/(Im+ucos¢)2+(usinqb)2 [ Z
j(Im+ucos¢)2+(usin¢)2
+ using cos wt
J’ 2 . 2
(Im+ucos¢) +(using)
_ JQI - N2, i 2 . .
m LCOS ) T+ (using) [sin wt cosY + cos wt sinvY]
where 1 . 5
_ - using ' 2
Yy = tan T +ncosg v/(Im+ucos¢,) +(ysing)
m
usin¢
Y

I tucoso
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Since

<<
M Im

.2./(Im+ucos¢)2 + (usin¢)2 = Im+ucos¢
and
-1 using . u

tan =T =~ —— sin ¢ (4.27)
Im+ucos¢ Im

Hence, the input to nonlinearity can be written as:

i(t) = (I +ucos¢)sin(wt + iB‘ sing) (4.28)
m

Similarly, if we represent the Describing Function as
a complex gain of the transformer input in the series cir-
cuit block diagram of Figure 20, substitute 4.28 in Equa;
tion 12.5, and manipulate, we éan derive the Incremental

Describing Function of Appendix D equation 12.6:

N(I_,0) = N(I_) + (1+e'2j¢)

F. Mathematical Model of Ferroresonant

Region

1. Pi circuit Stability Curve

A stability curve based on the two-slope incremental
input Describing Function is derived.
The Two-slope Incremental Input Describing Function is

represented in the block diagram to study jump resonance
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of a nonlinear system:

r=o+. u

| N(Am .9) Gp(S)

Figure 21. Stability block diagram for the pi circuit

r~UNG = U
r = U + UNG

r = U(1l+NG)

If we assume that the oscillations are sustained with-

out input signal, then

r =0
and
0 = 1+NG
or
0 = 1+N(km,®) G (s)
N(Km,¢)Gp(S) = -1
or
L (4.29)

Gp(s) =  NQ,r9)
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For a fixed Am’ the above function in the analysis
of the nonlinear system plays the same role of the sta-
bility point in the linear system. Therefore, it is called
the stability curve. Graphically, this means that the
intersection of the left- and right-hand functions indi-
cates the critical points.

Assume Gp(jw) = U(w)+jy(w)

Substitute quatién 12.3 in 4.29 to obtain:

AN . :
1+ INO) + —B ™ (14e7329) ] (0 (w) 45V ()] = 0
AN (A )
1+ [N(Am) + > (l+cos26-jsin2¢) ] [U(w) +jV(w)] =0
AN i NG

1+ [N(Am)+M—(l+cc952cp) - —-z—m—sinZCb]

x [U(w)+jV(w)] =0

ANx ) AN )

1+ [N + o 5 D (1+cos2¢) —7j m2 sin2¢1U (w)

AN )
m m
+ N0y + —E5T(l+cos2s)

_AmN(Am)sin2¢

-3 2 ]Jv(w) =0
AmN(Am)
1+ [N(Am) +——>—(1+c0s2¢) JU (w)

me(Am)sin2¢

+ 5 V(w) =0




and

and

and
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A M)
[N(km) + —%(l+c052¢) 1V (w)

. 2
AN(A)
- [—m——zln—sianp]U(w) =0

A_N(A) A_N(A)

0T 10(w) +——""cos2¢ U(w)

1+ [N()\m) + — >

A_N(X_)sin2¢
+ = m2 Viw) = 0
A_N(A) xmﬁ(xm)
Viw) [N(A_) + __rgz_m_] + ————<Cos2¢ vV (w)
A_N(A)
- —Ehﬁ—ﬂl— sin2¢ U(w) = 0

For simplification assume

A NO)
X'—'N()\m)'i'—-—z—
A N(A)
vy = B m

.. 1 + xu + ycos2¢u + ysin2¢v = 0

vX + ycos2¢v - ysin2¢u = 0

(4.30a)

(4.30b)
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Multiply equation 4.30a by v and 4.30b by u and

subtract:

v+ Xuv + yuv cos2¢ + sz sin2¢ = 0

+ xuv + yuv cos2¢ + yu2 sin2¢ = 0

v+v2 ysin2¢ + yu2 sin2¢ = 0

sin2¢ = —Y

y(v2+u2)
Multiply equation 4.30a by u and equation 4.30b by v and

add:

u+xu2+yu cos2¢ + yva sin2¢ = 0

vzx + yv2 cos2¢ = yvu sin2¢ = 0

u#ku2+v2x + vy cosZ@[u2+v2] =0
vy c052¢[u2+v2] = —u-xuz—v X

2,2
cos2¢ ='-Ei§i§—i%—L
y(u™+v®)

Since sin22¢ + c0522¢ =1

2 2
I+ u+x(§ +g )]2 + +; 2]2 =1
y{(u ™ +v?) v (v+u®)
[u+x(u2+v2)]2+v2 = y2(V2+u2)2

u2+2ux(u2+v2)+(u2+v2)2x2 + v2 = y2(v2+u2)2
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2ux(u2+v2) + (u
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2

2+v2)2x + v2

Dividing by w24+v2

2
1 + 2ux + (u2+v2)x2 =y (v2+u2)

- yz(V2+u2)2

1+ 2ux + u2x2 + v2x2 - y2v2 - y2u2 =0
1+ 2ux + u2(x2-y2) + v2(x2—y2) =0
AN AN AN
1+ 2ux + LB )2 (B 2] 4 w22
2 2 2
A N
- m2 )2] -0
AN A& AN
m 2...2 . m 2 m 2
1+2u(N+2)+u[N+N)\mN+(2) (2)]
AN AN
2.2 2 m m 2. _
+V[N+N>\mN+(2 )= 2)] 0
AN 2 . 2.2 .
1 + 2u(N+ > ) + u[N“+NA_N] + v°[N“+NA_N] =0
m m
Amﬁ
1 2u(Nb—>—) 5 = 5
5 — t = +u” +v =0
N4NA_N N°+N)A_N
m m
xmﬂz Amﬁ mﬁ
2 N+—— Nb—=— 2 N5 o
u® + 2u(— ) + (= —) "+ v© = (> =)=
N+NA_N N +NA_N NT+NA D NT+NA D
m m
Amiz Amﬁ )
N+—— 2 (M=) 1
fu + —]7+ve = —s-
NZ-!-N)\mN (N2+N)\mN )2 NPeNA N
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: . N2+NA N + Aiﬁz - N2 X
2N+}\mN 2 2 m 4 - NAmN
[u + 7 - ] +v = 5 —>
2(N +NAmN) (N +NAmN)
2N+XA_N AN
[u + m ]124v2 = [— D1 12 (4.31)

2 - 2. 2 .
2(N +NAmN) 2(N +NXmN)

Graphically interpreted, the above egquation repre-

sents a family of circles of constant Am with centers at

2n+2_f AN
[ s———r 0] and radii of ——————. These circles
2 (N +NAmN) 2 (N +NAmN)

that represent the Stability Curve combined with the linear
part of the pi system representation [G(s)] define whether

or not ferroresonance will occur in the given pi-circuit

configuration.

2. Series circuit Stability Curve

Similarly, the Incremental Input Describing Function
of the series system is represented by the block diagram

in the figure below:

r=o u

Figure 22. Stability block diagram for the series circuit
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r-UN(I_,$)G = U

r = U+UNG

r = U(1+NG)

0 = 1+NG

NG = -1

SN ,0) = - (4.32)
m GS(S)

Graphically, this means that the intersection of the
left- and right-hand side functions indicate the critical
points. For a fixed Im’ the function -l/N(Im,¢) plays the
role of stability point in the linear system. In the non-
linear system, it is the stability curve since it can take
many values when ¢ changes from 0 to 2w. Similarly, if
Gs(jw) = u{w) + jv(w) and if we substitute equation lZ.é

in 4.32, it can be shown that:

2N+I_N I_N
U + m 24 y? o —1 12 (4.33)

2(N2+N1mﬁ) 2(N2+NImﬁ)

Geometrically interpreted, the above equation repre-

sents a family of constant Im circles with centers at

2N+I_N Imﬁ
P_—TT_JE_T_' 0] and radii of [———7—4——7—]. These circles,
2(N +NImN) 2(N +NImN)

which represent the Stability Curve combined with the

Linear Part of the series system representation [GS(S)],
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define whether or not ferroresonance will occur in the

given series circuit configuration.
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V. ANALYSIS OF FERRORESONANCE

A. Prediction of Ferroresonance

In general, a jump (instability) is indicated when
the locus of the linear system, G(1j,R,L,C), on the complex
plane passes through any portion of the stability curve.
However, to determine whether ferroresonance occurs
in a particular power system that includes only one trans-
former, its circuit must be reduced to either pi or series
circuit configuration. The linear portion of the circuit
could be replaced with its Thevenins equivalent expanded

into a form similar to G(s).

1. Pi circuit

At particular amplitude of the input voltage, if tne.
60 Hertz point location on the Frequency Response, G(s),
is inside the stability curve; fundamental ferroresonance
will occur in the form of a jump from the lower to higher
lambda intersecting circles where their point of intersec-

tion lies on power system frequency point.

2. Series circuit

At any particular amplitude of the input current, if
the 60 Hertz point location on the Frequency Response, G(s),
is inside the stability curve, fundamental ferroresonance

will occur in the form of a jump from the lower to higher
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current intersecting circles where their point of inter-
section lies on power system frequency point.
B. Determination of Critical R, L, and C

To design power circuits free of ferroresonance it is
necessary to determine a complete set of the critical param-

eters R, L, and C that trigger the phenomenon.

1. Pi circuit

For this analysis, the real and imaginary parts of the

60 Hz point response function G(1j,R,L,C) are derived from

equation 4.18:

_ R+SL
Gyls) = 2
= S (STLC+SRC+1)
e (s) = ——2d0h
i W (§“WELC+IWRC+1)
R+3WL

4W (~-W2LC+JWRC+1)

R+ WL
W (1-WLC) —W2RC

— (R+3WL)
R
W RC-§W (1-W°LC)

-(% + jL)

WRC—3 (1-W2LC)
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-(§+jL)[WRc+j(1-w2Lc)]

[WRC-3 (l—W LC)][WRC+3(1-W L1C) ]

R,. . R, 2
~WRC (z+3L) =3 (7+3L) (1-W°LC)

(WRC) %+ (1-W°LC) 2

-rPc-jWLRe-j [ (B+im)-w're Geim) )

W2R2C2+(1-W2LC)

-ch—jWLRc-j[5+jL—WLCR—jW2L2c1
WoRC?+ (1-wPLC) ©
-ch-jWLRc-jw L+]WLCR-W2 2c
G_(3W) =
P WeR2C%4 (1-w°LC) 2
.. _ -R°c+L-L2C-3R
6,01 = —== >
p R“C“+ (1-LC)
or
. -R2c+1-1.%¢C a
Re[Go(jl,R,L,C)] = 2'2 5 (5.1)
f R4C%+ (1-1LC)
and
I (6 (G1,R,L,0)] = ——m S (5.2)
9 P R°C%+(1-LC)

It appears that while the stability curve represent-
ing the nonlinear region is indepencdent of the parameters

R, L, and C, the locus of the 60 Hz resvonse function



O
[#1]

G{

b2

5,R,L,C) is depencent on them.

Therefore, bv changing the values of R, L, and C, it
is possible to move the 60 Hz point on the complex zlane in
the desired direction where ferroresonance will not occur
in the svstem.

However, for the power svstem, it 1s more convenient
£0 express R and L parameters o G(l1j,R,L,C) as constants

and varv onlv the capacitance. The corresponding change

"1-

n G{(1j,R,L,C) when C changes is the capacitance response
{(Gi1j,R,5,Cl.

Tor instance, in the pi circuit conficuration of Figure

-+

, the resistance 2.02 I, inductance 316 mH, and capacitance

& 0 120 uF were assumed, i.e., the capacitance value oI
53 UF was incremented in steps of 1 uF at a time up o 130

on a2 common compliex plane with the stapilityv curve repre-
Senting =he acnlinear recgion. As shown on Figure I3, It
zppears that there 2xists a rance 0L capacitance vaiues oL
3.5=42 :F) that could zslace the 60 #Hz pecint locus inside
the nonlinear region and eventually cause ferroresonance
in the system. Therefore, the critical parameters zre:

R {8) L (m#) C {uF)

9.02 316 23.3-42
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It appears that there exists two capacitance threshold

values, the upper and the lower limits.

2. Series circuit

It can be shown that the real and imaginary parts of
the 60 Hz point response function G(1j,R,L,C) are derived

from equation 4.23:

2
GS (S) = .__——.g_s_-_—z.
1+RCS+LCS
2.2
G (jw) = Cj™wW . :
1+jRCW+3j TLCW
. . _ -C
- 65001 = Ioey T IRe
or
LC2-C
RC™+(1-LC)
and
QC2
I [G_ (31,R,L,C)] = = (5.4)
mag- s r%c?+(1-10) 2

In the series circuit configuration, the resistance
9.02 2, inductance 316 mH, and capacitance 0 to 1000 vuF
were assumed, i.e., a capacitance value of 1 ¢F, was incre-
mented in steps of 1 uF at a time up to 1000 uF. For each
capacitance value in the circuit, the corresponding value

of the capacitance response G(1j,R,L,C) is calculated and



plotted on a common complex

As shown in Figure 24,
range of capacitance values
place the 60 Hz point locus
eventually cause ferroreson

th
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plane with the stability curve.
it appears that there exists a

1 ¢

of 10.5 uF that could
inside the stapilityv curve and

ance in the system. Therefore,

e critical parameters are:
R (Q) L (mH) C (uF)
3.02 316 1-10.6
Hence, there exists only an upper limit for the capacitance
threshold.
C. Analvtical and Graphical Determination
of the Critical Flux Linkage km, Current I_, and
- al
Inductance Leg
1. Pi circuit
An sxpression to determine critical lambdas can be
derived if we assume that -X, and -X, are the real and
imaginary Darts of 60 Hz point locatsd either on the an-
T2 lope 2r Lnside Thé STakillTy surtae:
f-x 2N+AN .2 L2 . AN 2
Pl 2 17 = [-R,17 = 5 ]
2(NT+NAN = 2 (N“+NAN)
P N+ AN N N+ N
[-X, + + s ]2 = NFAN
2N (N+AN) 2N (N+AN) 2N (N+AN)
2
N

]

2N (N+AN)
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[-K, + == + ———l—r—]z
2 (N+AN)

[N N
"
~—

+ X

1 2N 2N

[————i———]Z[ZN(N+Aﬁ)(-Kl) + (N+Aﬁ)+N] + K2
2N (N+AN)

= —E [ ean) - NI2
2N (N+AN)
, ) . .2
L N (xp)H2nnl? e k2 = — 2 [AN]
4ANT (N+AN) 4AN“ (N+AN)

[2N(N+Aﬁ)(-Kl) + (2N+Aﬁ)]2 + 4K§N2(N+Xﬁ)2 = (kﬁ)z

where
2(m,-m,) A A I A
_ 1 72 . =1 0 _, 0,2
N= —3 [sint 2 + = Jl (2% 1+ m,
m m m
From_IV.C
N 4(ml-m2) Ao 1_(:2)2
m T X; Am
Assume
2(m,-m,)
c= 12
AO
X=X_
m
and

Csin TX + CX Jl—x2 +m

b=
I

2

AN = -20%X J1-%X°
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% [2(csin tx+cx/1-x%4my) (Csin™ TX-CX J1-X7+m,) (-K,)

1

+ 2Csin” x+2m2]2

+ 4K§[Csin-lX+CXJl-X2+m2]2[Csin—lX—CXJl—X2+m2]2

= 4C2X2(1—X2)

4K§[Csin-lx+m2)2 - (CX]l-Xz)zl2 - 8Kl[(Csin—lx+m2)2

- (cxfl-xz)Z](Csin'lx+m2)

)2 - (CcX 1—x2)2]2

+ (2Csin-lX+2m2)2 + 4K§[(sin-lx+m2

= 4C2X2(1-X2)

[(CSin—lX+m2)2-(CXJl-X2)2]2(4Ki+4K§)

1

+ [(Csin “X+m 2

;)% - (cx/1-x%) %] [-8Ky (Csin™Tx4m,) +4] = 0

[(Csin_lx+m2)2-(CXJl—X2)2][{(Csin-lx+m2)2
- (CX l-X2)2}(4K2+4K2)
1 2
. -1 _
+ (—8K1C51n X—8Klm2+4)] = 0

either

{(Csin_lX+m2)2 - (CXJl-XZ)Z}(4Ki+4K§)

. -1 _
8KlC31n X—8Klm2+4 =0
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or

- .2
(Csin lX+m2)2 - (X l—X")2 =
Since the 60 Hz point is of interest we solve:

- 2 -
{(csin™rxemy) ® - (cx(1-x%) %} (4xT+4K3) - 8K CsinT'X

- 8Klm2+4 =0

(Csin-lX+m2)2(4Ki+4K§) - (cxJ1- (4K +ag? 9
- 3K,Csin X - 8K m.+4 = 0
1-8: 1o Fe =

-1..2 -1 2. 2
{Cz(sin lX)“+2Cm.)sin ‘X+m§;(4Ki+4K2)

2.2 2 2 2 . =1 _
C™X7 (1-X )(4K1+4K2) - 8KlC51n X - 8Klm2+4 =0

c?(sin 1y ? + 2szsin_lx+m§}K—C2X2(l—XZ)K

. =1 .
- 8KlCa1n X - 8K1m2.4 =0

Kcz(sin lX)2 + 2KCm,sin "X + ng - 8K1Csin -X

- BK,my+4 = C2Rx® (1-x7)
KC2(51n lX)2 + ZKszsin—lX + ng - 8Klein-lX
5 5 —8K1m2+4
(1-X7) =
C2K
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2m m 8K
20 2y _ =12 2 . -1 2 _ %1 . -1
X" (1-X") = [(sin X))~ + <= sin “X + 57 % sin X
8Kymy, 4
-t ]
CK C'K
2m 8K
2 2, _ .. =-1.,.,2 2 _ 1, . =1
X" (1-X") = [(sin X)© + (—E— EE—)Sln X
Km2—8K +4
27 %My
+ ( 5 )]
C™K
2m 8K Km2-8K m.,+4
%+ (sin"1x)? + (2 - hysinIx+ 2 12 _ 4 (5.5)
C CK 2
C"K
where
2. .2

K = 4(K1+K2)

To make a comparison between the analytical and
graphical values of Anﬂ a set of critical parameters are
chosen to place the 60 Hz point inside the stability curve.

Therefore, for values of R = 9.02 @, L = 316 mH, and C =

3

wn

uF, cocordinates of the 60 Hz point are calculated using

equations 5.1 and 5.2:

Re[Gp(jl, 9.02, 316, 35)] = Kl = -0.0570441 P.U.

Imag[Gp(jl, 9.02, 316, 35)1] = K2 = -0.007435452 P.U.

Critical lambdas and inductances may be obtained from
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equation 5.5, 4.3 and 4.4 as follows:

2m 8K
4 2 . =1 .2 2 1, . -
X=X + (sin "x)° + [_E_ Eﬁ_]Sln
Km§-8K1m2+4
+ 1 S—=—1 =0
C™K
where
x -0
Y
m
AO = 0.6551724 P.U.
m, = 1l P.U.
m, = 27.454377 P.U.
R = 4(K§+K§) = 0.0132373 P.U.
Kl = 0.0570441 P.U.
K2 = 0.007435452 P.U.
2(ml-m2) :
cC = ——T——— = -16.3413791 P.U.

T™wo solutions are obtained:

1
X2 = 0.3243749
Since
X =i_o_
1 kml

or

1

X
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>

P

|
o

0.6551724 °
0.38563876

= 2.0198

1
L =
1 N(km)
_ 1
- N(0.7650419)
L. = 1

1~ 2.6905793

L 0.3716672

1

.. jump point is A
my

Ly

N(2.0198) = 16.723281

= 0.7650419 P.U., similarly,

0.7650419 P.U.

0.3716672 P.U.
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N S
2 T N{2.0198)

L2 = 0.0597969
and
Amz = 2.0198 P.U.
L, =.0.0597969 P.U.

Same critical lambdas and inductances may alsc be ob-
tained from a graph. For values of R= 9.02 @, L = 316 mH.
and C = 35 uF, the Frequency Response of the Linéar System
Gp(s) is drawn on a complex nlane. Also, for values of my =
1 p.0., m, = 27 P.U., and Km = 0.8 to 1.7 P.U., the sta-
bility curve is drawn on the same complex plane of the Fre-
quency Response.

As shown on Figure 25, two circles pass through the

60 Hz point A = 0.8 and A = 1.7. The corresponding
my ma,
o

critical inductance value of Ll = 0.29 P.U., at which jump
resonance occurred and an inductance of L, = 0.075 P.U. are
obtained from Figure 26.

As expected, there is a discrepancy between the ana-

lvtical ané the graphical values:

Pi circuit _ Analyvtical Am Graphical Am
varameters Jump=-£from Jump-to Jump-from Jump-to
R = 9.02 0.77 P.U. 2 P.U. 0.8 P.U. 1.7 P.U.
L = 316 mH

C=35 F
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2. Series circuit

An expfeséion to determine critical currents can be
derived if we assume that -K5 and -K, are the real and
imaginary parts of 60 Hz point located either on or inside
the stability curve.

Therefore, from equation 4.31:
3 N
2N+ImN 5 5 Imd 5

[Ry + ————1° + (-K)" = [ 1

3 (1J2+szﬁ) 2 (N2+N1mr'1)

This equation can be rewritten in the following form:

2m 8K

4 2 ..=1 .2 2 3, . -1
X =X"+(sin "x)° + ('E_ - EK—)Sln X
.2
Km2-8K3m2+4
+ 5 = 0 (5.6)
C™K
where
_ I
X = I
m
2(ml-m2)

C=——_—'—

_ 2 2
K = 4(K3 + K4)

Similarly, to make a comparison between the analytical
and graphical critical currents Im’ a set of critical param-
eters are chosen to place the 60 Hz point inside the sta-

bility curve. Therefore, for values of R = 9.02 2, L =
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316 mH and C = 10 uF, the coordinates of the 60 Hz point

are calculated using equations 5.3 and 5.4:
Re[GS(jl, 3.02, 316, 10)] = Ky = -24.,23795 ».0.

I [G_(31, 9.02, 316, 10)] = K, = 1.496109 P.U.

mag S 4
where:
x=AO
.
IO = 0.6504065 P.U.
my = 1l »p.U.
m, = 0.0364241 P.U.
o - 2(ml—m2)
1~ T
= 0.6134315
_ 2 2
XK = 4(K3 + K4)
K3 = ~24.237%5 P.U.
K4 = 1.496109 p.U.
e — A 2 2
LYK = 4((24.23)7 + (1.496109)°]
K = 2357.325

Critical currents and inductances may be obtained by using

equation 5.6, 4.11, and 4.12 as follows:



2m 8K

ox? + (sin—lx)2 + (——Z - ——é)sin-lx
C C.K
1 1
2
(Km2 - 8Kgm, + 4) .
+ > =0
ClK
x%-x% + (sin"'x)% + 0.015336 sin T
and
xl = (0.2242585
since
_ 0.6504065
Imy = §.2242585
Iml = 2.9002535
and
x2 = 0.00476
. _ 0.6504065
--IMy = 500376
Im2 = 136.64002
Using ecguations 4.11 and 4.12
2(m7—m ) I I ! I
172 . =1 8} z ] 0, 2,
N(I ) = ———[sin = =— + =— J1-{+—
m T Im IO Im
where
ml =1 P.U.
m2 = 0.0364241 P.U.
. - 2(ml-m2)
1 T
C., = 0.6134315 p.U.

x + 0.000073

0
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I0 = 0.6504065

For Iml = 2.9002535

N(Iml) = 0.3082347

and
= N(Im)

L
.:Ll = 0.3092347

Similarly, for
In, = 136.64002

N(Imz) = 0.0422639 = L2

Therefore,
.'.Iml = 2.9002535 P.U.

Ll = 0.3092347 p.U.

and
Im2 = 136.64002 P.U.

L2 = 0.0422639 P.U.

Same critical currents ané inductances may also be ob-
tained from a graph. For values of R = 9.02 Q, L = 316 mH,
and 10 uF, the Frequency Response of the Linear System GS(S)
is drawn on the complex plane. Also, for values of my =
1 P.U., m, = 0.0364241 P.U., and In = 1.4 to 140 P.U., the

stability curve is drawn on the same complex plane of the

Freguency Response.
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As shown in Figure 27, two circles pass through the
60 Hz point Iml = 5 P.U. and Im2 = 130 P.U. The correspond-
ing critical inductance value of Ll = 0.3 P.U. at which
jump resonance occurred and inductance of L2 = 0.06 P.U.
are obtained from Figure 28.

As expected, there is a discrepancy between the ana-

lytical and the graphical values:

Pi circuit Analytical I, Graphical Im
parameters Jump-from Jump-to Jump-from Junp-to
R = 9.02 2.9 P.U. 137 P.U. 5 P.U. 130 P.U.
L = 316 mH
cC =10 F
D. 60 Hertz Locus Sensitivity of Capacitance
Response Gp(lj,R,L,C) to Variation
. in L and R
1. Pi circuit

To measure the sensitivity of the 60 Hz point locus
of the capacitance response, G(1j,R,L,C), to variation in
L or R, each linear parameter was changed by 10% at a time
and its resulting critical capacitance range was calculated

as shown:

Experi-

mental
Parameter values +10% L -10% L +10 R -10% R
L (mH) 316 347.6 284 316 316
R () 9.02 9.02 9.02 9.92 8.118

C (uF) 23.4-42 21.6-40 26.3-42 23.8-42 23.8-42
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f we examine carefully the following graphs, we will
observe that the end points of the capacitance response are
the only fixed points. In addition, increasing circuits
resistance or decreasing its inductance moves the locus
of the capacitance response Gp(lj,R,L,C) away from the
real axis and decreases the susceptibility of the circuit

to ferroresonance and vice versa.

2. Series circuit

Similarly, to measure the sensitivity of the 60 Hz
point locus capacitance response G(l1j,R,L,C) to variation
in L or R, each linear parameter was changed by 10% at a
time and its resulting critical capacitance range was calcu-

lated as shown:

Experi-

mental
Parameter values +10% L -10% L +10% R -10% R
L (mH) 316 347.6 284 .4 316 316
R (Q) 9.02 9.02 9.02 9.92 8.118
C (uF) 1-10.6 1-10.2 1-11.1 1-10.6 1-10.6

As opposed to the graphs of the pi circuit, the fol-
lowing graphs reveal that the upper limit for the capaci-
tance values that cause ferroresonance in the series cir-
cuit is shown to be more sensitive to variation in induc-

tance than resistance.
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E. Determination of Critical Input

Voltage

Applying phasor analysis to determine the critical
supply voltage for which jump occurs in the given pi and

series power circuits.

1. Pi circuit
g.02Q
L
Eln $Cl CX ”
= |
E = (RVIX)I + AW

(R+jXL)(IT+IC) + AmW

AW AW

. m m
= (R+jX. ) (s + —=) + A W
L jXT ch m
_ AmW KmW
= (R+]WL) (WL_ - ——l-) + }\mW
= (R+3L) (== - i’l‘) + )
J JL 1 “m
g
A
my
E. =(R+jL) (=] =—= + JCA_ ) + A
C L m' o Tmy
Am
.01

-j=—=(R+jL) + jCX_ (R+3jL) + A
Ly my my
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E.=-j—R + —L + jCA_R - CA_L + A
C Ll Ll ml ml ml
Ec= A, [(=+ 1~ 1C) + J(RC - 9] (5.7)
m L L
1 1 1
_ 0.0335069 _
EC = 0'7650419[5737i€€7§ + 1 (0.0335069) (46.911916)
. 0.002537
+ j(0.002537) (46.911916) - 67371@?751
Ec = -0.3685359 + 3j0.0858297

= 0.378398 [l03°

C

c = EB'EC (P.U.)

c = (115) (0.378398)
C

o I = I o B o

= 43.515828 V peak

Series circuit

AN "
R L Cx
Eln “
_ N
E, = Iml[R + JWL ige * JWL] (5.8)

2.9002535[0.002537 + 30.0335069 - IT5—733757

+ 50.309234]
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= 2.9002535[0.002537 + j0.0335069 - j0.0746073
+ j0.309234]
= 2.9002535[0.002537 + 30.2681337]

= 0.0073579 + j0.7776557
E,.=0.7776905 P.U.

E_= (0.7776905) (115)

= 89.434408 V peak

F. Relative Severity of Jump Resonance

For the specified system inductance, resistance, and
capacitance, the variation of lower and higher critical
lambda or current jump points with the variation of capaci-
tance of the system for a given line (constant inductance)

is shown in Figures 37 and 38.

1. Pi circuit

It is clear that for higher capacitance value within
its critical capacitance range, the relative jump severity

and the critical supply voltage both increase.
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Transformer
Circuit's voltage (VRMS) Relative
critical input Jump Jump Jjump Pi ckt
voltage (VRMS) from to resonance parameter
35 78.5 96.4 23.5% R=09.02 Q
(0.3 P.U.) (0.68 P.U.) (0.84 P.U.) L = 316 mH
C = 30 uF
48 77.7 109 40.24% R=29.02Q
(0.42 P.U.) (0.67 P.U.) (0.948 P.U.) L = 316 mH
C = 35 uF
66 80.5 120 49% R=29.02Q
(0.574 P.U.) (0.7 P.U.) (l1.04 P.U.) L = 316 mH
C = 40 yF
130 86.2 134.5 56% R = 9.02
(1.13 P.U.) (0.75 P.U.) (1.17 P.U.) L = 316 mH
C = 55 uF
Experiment No. 6:
Circuit's Transformer
critical input voltage (VRMS) Pi circuit
voltage (VRMS Jump from Jump to parameter
35(0.3 P.U.) 78.5(0.68 P.U.) 96.4(0.84 P.U.) R = 9.02 &
L = 316 mH
C = 30 uF
A=A
% jump = i L x 100
1

_0.84-0.68
=~ o068 * 100

= 23.5
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Experiment No. 7:

130

Circuit's Transformer
critical input voltage (VRMS) Pi circuit
voltage (VRMS) Jump from Jump to paramneter
48(0.42 P.U.) 77.7(0.67 P.U.) 109(0.948 P.U.) R = 9.02 Q
L = 316 mH
C = 35 F

_ 0.948-0.676

% jump 0 e7e - ¥ 100
= 40.24
Experiment No. 8:
Circuit's Transformer
critical input voltage (VRMS) Pi circuit
voltage (VRMS) Jump £rom Jump to parameter
66 (0.574 P.U.) 80.5(0.7 P.U.) 120(1.04 P.U.) R=9.02¢Q
L = 316 mH
C = 40 ufF
. _1.04-0.7
g jump = ] x 100
= 49
Experiment No. 9:
Circuit's Transformer
critical input voltage (VRMS) Pi circuit
voltage (VRMS) Jump from Jump to parameter
130(1.13 P.U.) 86.2(0.75 P.U.) 134.5(1.17 P.U.) R = 9.02 Q
L = 316 mH
C = 55 yF

% jump =

1.17-0.75

0.75 x 100

56
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2. Series circuit

For the case of series circuit, as the capacitance
value within the critical capacitance range increases, the
critical supply voltage will also increase. However, the
relative jump severity increases at first to a peak but

drops as the critical capacitance value is further in-

creased.
Transformer

Circuit's voltage (VRMS) Relative Series
critical input Jump Jump jump circuit
voltage (VRMS) from to resonance parameter

45 44.5 61 37% R=9.02 @
(0.391 P.U.) (0.387 P.U.) (0.53 P.U.) L= 316 nH
C=5 uF
35 80.5 120 49% R=9.02 @
(0.478 P.U.) (0.7 P.U.) (1L.043 P.U.) L =316 mH
v C=10 uF
95 106 147 38% R=9.02 Q
(0.825 P.U.) (0.922 pP.U.) (1.28 P.U.) L=316 mHd
C=15 uF
Experiment No. 2:

Circuit's Transformer Series
critical input voltage (VRMS) circuit
voltage (VRMS) Jump from Jump to parameter
45(0.391 P.U.) 44.5(0.387 P.U.) 61(0.53 P.U.) R=9.02 Q

L = 316 mH
C =5 oF
Ez-El
$ voltage jump = 5 x 100
1

_ 0.53-0.387

9387 ¥ 190

= 37
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Experiment No. 6:

Circuit's Transformer Series
critical input voltage (VRMS) circuit
voltage (VRMS) Jump from Jump to parameter
55(0.473 P.U.) 80.5(0.7 P.U.) 120(1.043 P.U.) R = 9.02Q

L = 316 mH
C = 10yuF
$ voltage jump = 1.043-0.7
0.7
= 49.07

Experiment No. 7:

Circuit's Transformer Series
critical input voltage (VRMS) circuit
voltage (VRMS) Jump £from Jump to parameter
95(0.826 P.U.) 106(.922 P.U.) 147(1.28 P.U.) R =9.02Q

L = 316 mH
C = 15 yF

- 95
% voltage jump = £;§§§%52:§ x 100

38.64

G. Transformer Voltage Switching and

Transient Times

In pi and series circuit experiments No. 7 and No. 6,
the supply voltage was increased slowly until the critical
supply voltage of 48 V and 35 V RMS was reached in about
70 s and 90 s, respectively. At that point, transformer
voltage jumped from 77.7 V and 80.5 V to 109 V and 120 V

RMS, respectively.
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Swift's model and the present analysis were applied
to find the switching time, i.e., the time required to
reach the critical supply voltage, using same rate of sup-
ply voltage increase as that of the respective experiments
as well as their calculated critical lambdas 0.765 P.U. and
0.9 P.U., respectively.

Also, for both experiments, transient times, i.e.,
time required to change from linear mode of critical km r

1
to that of the nonlinear mode of critical Am , are calcu-

2
lated for comparison with the experimental values observed
on Figures 63, 64, 112, and 113.
As shown, there is a discrepancy between transformer's

voltage transient time obtained by using G. W. Swift's mod-

el and that of the experiment.

1. Pi circuit

Pi circuit

Method Switching Transient
G. W. Swift's method 79.3 s 127.2 s
Present analysis 79.2 s 67.3 ms
Experimental 70 s 70 ms

In Experiment No. 7, as the variac output was in-
creased to 48 VRMS in about 70 seconds, transformer voltage

rose to 77.7 VRMS:

77.7

Er S 15 x 70 x 377
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g _ 0.0096522
T T T 377

0.0096522
Ap (8) 377

t P.U.

t P.U.

Since jump occurs at Am where
1

A = 0.765 P.U.
m

1
)  0.0096522
.~0.765 = 22005922 ¢
_0.765 x 377
t1 = 9.0096532  °-U-
e - _0.765
1 = 0.0096522
tl = 79.26 s
77.7

Ep = s w5395t 0<t<79.26 s

Time constant of the pi circuit is T, where

= Z% Appendix E

-
!

2 x 0.316
9.02

= 0.070 s

0.765 P.U.

<
1]

v = 2 P.U.
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o+

=

.. 2 =0.765 e

2t
n 59565 = 7
ot
0.961 = =
t = 0.07 x 0.961
= 0.0673 s
= 67.3 ms

This transient time is very close to the experimental-

ly determined value of about 70 ms. However, as shown be-

low using G. W. Swift's magnetization curve representation,

the transient time of 127 s is too long compared with the

experimental results.

77.7

Xm(t) = 115 % 70 % 377 t P.U. 0<t<79.26

5 77.7
‘(8D + 4, (87 = 150379

t

77.7 5.5
+ 4(115 % 70 % 377) t~ P.U. t >79.26 s

Since jump occurs at Am , where
1

lml = 0.765 P.U.

0.765 + 4(0.765)° = = x7;67x =t
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77.7 5.5
* AT gT) t] t 279.26 s

1.813 = 2.56 x 10'5tl + 44x10” %3 ti =0

or

4.4x10—23ti + 2.56x10"5tl - 1.813 =0

t 29896.1 P.U.

ty 79.3 s
This is in agreement with our calculated value, however,
the transient time is quite different from the experimentally

obtained value of 70 ms as shown:

A =2 P.U.
my

5 77.7 77.7 5.5
2+4(2)” = s x50 %377 2 T {0 w377 B2

(5.10)

130 = 2.56x10‘5t2 + 4.4xlo“23t§
4.4x10‘23t§ + z.ssxlo‘st2 - 130 = 0
t, = 78121.94 P.U.
t, = 207.22 s

and

tz-t1 = 127.22 s
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2. Series circuit

Similarly, the discrepancy of transformer voltage
transient time obtained by using G. W. Swift's model from

that of the experiment is shown:

Series circuit

Method Switching Transient
G. W. Swift's method 115.3 s 627.2 s
Present analysis 115.3 s 130.4 ms
Experimental 90 s 150 ms

In Experiment No. 6, as the variac output was in-
creased to 55 VRMS in about 90 seconds, transformer volt-

age rose to 90.5 VMRS.

_ __. 80.5
Er = IIsxoo0x377 © P-U- (5-11)

A () = 0:0077778

m —377 t P.U.

Since jump occurred at Am where
1

Aml = ImlLl
2.9002535 x 0.3092347 P.U.
0.896859 P.U.

>
]

. _ 0.0077778
.>0.896859 = 77— t

_ 377x%0.896859

0.0077778 _ F-U-

_ 0.896859

= 0.0077778 Seconds
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t = 115.3 s

80.5

“-Bp = TI5x90x377 © £

circuit's time constant = 0.070 s

= 70 ms

.V =T Ll
Ly my

2.9002535 x 0.3092347

0.896859 P.U.

v =1
L m2L2

136.64002 x 0.0422639

5.7749401 P.U.

et

5.7749401 = 0.896859 e

g 5:7749401 _ t
N 5.896859 =~ T

T = 1.8623845

t = 0.070 x 1.8623845
= 0.1303669
= 0.1304 s

t = 130.4 ms

It appeared that this transient time 1s closer to
the experimentally determined value of 150 ms than 627s
obtained by using G. W. Swift's magnetic curve representa-

tion as shown below:
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_ 80.5
Ap{t ) = {T5x90%377 ¢ P-U-
5 . 80.5 80.5 5
Aple) + A (8) = Jysygo379c F 45 w90 x 377 B0
Since jump occurred at A where A = 0.896859.
my my

.20.896859 + 4(0.896859)° = 1132%33377t1

+ 4 rsagtesTr 61
3.2178895 = 2.06 x 107 t, + 1.495 x 10723%¢3
or
1.495 x 1072763 + 2.06 x 107°t; - 3.218 = 0
£, = 43471.87 P.U.
£, = 115.31 s

This is in agreement with our experimental results.
However, the transient time shown below is much longer
than 150 ms.

A =I_ L

2 My 2
136.64002 x 0.0422639

5.7749401 p.U.

80.5 ‘

5.7749401 + 4(5.7749401)5 = T15%x90x377 ©2

80.5

5
* 4(I15x90%377

5
) t5
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5.774901 + 25691.97 = 2.06 x 10‘5t2 + 1.495 x 10‘23t§
(5.12)

oxr

1.495 x 10_23tg +2.06 x 10'5t2 - 25697.745 = 0

'+, = 279918.28 P.U.

t, = 742.4888 s
and

t,-t, = 742.4888 - 115.31

627.1788 s

H. Phasor Analysis

In what follows, the effect of ferroresonance on the

equivalent impedance of the circuit is shown.

1. Pi circuit

In Experiment No. 7) for the critical parameters

R= 9.02 2,

L = 316 mH,

C = 35 urF,

jump-fromikm = 0.77 P.U., and
Ll = 0.37 P.U.

The corresponding Zl and Zin are:
9.02Q

AMNA—TYT

. R L l

I |

Eln

b= =) ==
L
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_ (=375.786) (j1321.443)
1 3J1321.443-375.786

-380.399 capacitive
= -j80.4 &

Z. =9.02 + j119.132 - j80.39
in

=9.02 + §38.741925 ©

Therefore, in this circuit, the current lags circuit's

input voltage by an angle of 76.9°.

However, for jump-to Xm = 2 P.U., L2 = 0.0598 P.U.,
2

the corresponding 22 and Zin are:

9.020

m

b ]
R Y W

AL

n

b

m

2
———Y e

L
—) |——

0

<
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m
>
.-.-._) '..-_..
R
m§
-
L0
x

(=375.786) (j212.6)

22 = TI375.786+3212.%6

7, = -3117.7655

Z;, = 9.02 + j119.132 - 3117.7665
7, = 9.02 + j1.365 Q

The circuit is still inductive and the current lags

circuit's input voltage by an angle of 8.6°. However, it
is possible with certain combinations of R, L, and C, that

the circuit will be capacitive and the current then would

be leading the voltage.

2. Series circuit

In Experiment No. 6, for the critical parameters,

R=9.02 Q,
L = 316 mH,
C = 10 yuF,

jump~-from I, =2.9 P.U. and

Ll = 0.31 P.U.



Therefore, Zin is:

9.020

N

9.020

[\
]

i = 9-02 + 3953.35

953.4Q [89.5

Therefore, in this circuit, the current lags behind

the input voltage by almost 90°.

136.6 P.U., L, = 0.0423

However, for jump-to Im 5
2
P.U., 2. 1is:
in
g9.020
AAAAA "J L
R c

.
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9.020

9.02 + j4.14707

circuit is still inductive, and now the current
voltage by an angle of 24.7°. However, it is
by choosing a combination of critical R, L, and

that this circuit will become capacitive and then

I. Interpretation of Experimental Results

a 60 Hertz point at R = 9.02 Q, L= 316 mH, and

in
= 9.9276673 P4.69
Z;, = 9.93 Q4.7
= 0.0027922 P.U. 4.7
The
lags the
possible
C, such
the current will be leading the voltage.
1. Pi circuit Experiment No. 7
For
C = 35 uF,
Ll = 0.3716672 P.U.
Z, = -j80.4 &

1
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and

0.0597969 P.U.

t
il

™~
Il

-3117.76 Q

SN Y W
L
—

Up to inductance Lis the impedance of the parallel
section of the circuit is almost constant at about Z; =
-j80.4 Q. Therefore, increasing the voltage slowly will

increase the current (I) slowly, as seen from the equation

below:

At the critical input voltage (Ec), the impedance of
the parallel section of the circuit suddenly increases to
Z, = -117.7% Q. Since I = IC+IT is constant at any time,

then V, must increase suddenly to keep I constant in the

eguation:

<

constant I
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If V. increases suddenly, and the supply voltage is

0
constant, E-VO decreases and therefore, I decreases sud-

denly.

After the jump, as the supply voltage is increased

slowly, the current also decreases slowly.

2. Series circuit Experiment No. 6

For a 60 Hz point at R = 9.02 @, L = 316 mH, and C =

10 uF,
Ll = 0.3092347 P.U.
Zl = jWLBLl
Zl = J(377) (9.4308943) (0.3092347)
'Z1 = 1099.4676 Q
and
L2 = 0.0422639 P.U.
Z, = JWLgL,
22 = J(377) (9.4308943) (0.0422639)
22 = j150.26706 2

g.02n 316 H
AW
L
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. Up to inductance Lis the impedance of the transformer
and the circuit is almost constant at about Z, = 1099.5 Q
and 953.4 @, respectively. Therefore, increasing the
voltage slowly will increase the current I, slowly as seen

from the eguation below:

I= E (5.13)

- . .1 .
X

At the critical input voltage Ec , the impedance of

1
the transformer and the circuit suddenly drops to 150.3 @

and 9.93 @, respectively, and therefore, the current in-
creases suddenly. Since

+ ¥

Vo = (1) (WLy)

Therefore, transformer voltage also increases suddenly.
After the jump, as the supply voltage is increased

slowly, the current will also increase slowly.

J. Analytical vs. Experimental

Prediction of Ferroresonance

As shown in the following data, our analysis indicates
a close agreement between the analytical and the experi-
mental results of predicting ferroresonance in the given

circuit configurations:
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1. Pi circuit
Analytical
Ferroresonance
Pi circuit parameters Does not
R () L (mH) C (uF) Occurs occur
9.02 316 20 X
9.02 316 23.5 X
9.02 316 35 X
9.02 316 42 X
9.02 316 45 X
Experimental
9.02 316 5 X
9.02 316 10 X
9.02 316 15 X
9.02 316 29 X
9.02 316 25 X
9.02 316 30 X
9.02 316 35 X
9.02 316 40 X
9.02 316 45 X
9.02 316 55 X
9.02 316 65 X
2. Series circuit
Analytical Does not
R (@) L (mH) C (uF) Occurs occur
9.02 316 1 X
9.02 316 10.6 X
9.02 316 15 X
Experimental
9.02 316 5 X
9.02 316 10 X
9.902 316 15 X

9.02 316 18 X



In summary:

Lower limit Upper limit
Capacitance threshold Capacitance threshold
(WF) (uF)
Circuit Analytical Experimental Analytical Experimental
Pi 23.5 30 42 55

Series 1 5 10.6 15

K. Experimental Results

1. Critical Supply Voltage Level

It is evident from the data below that ferroresonance
will occur at higher supply voltages for higher capacitance

values within the critical capacitance range.

Experiment Critical input Critical capacitance

Circuit No. voltage (VRMS) value (uUF)
Pi 7 48.5 ’ 35

8 66 49

9 130 55
Series 2 45 5

6 58 10

7 95 15

2. Effect of pi-circuit input capacitance on ferroreso-

nance

To examine the effect of the pi-circuit input capaci-
tance on ferroresonance, four experiments were conducted

as follows:
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Pi circult parameters

9.02 @ C2 10 uF
316 mH
35 uF

QP w
nun

[}

9.02 Q C, 30 uF
316 mH
35 uF

9.02 @ C, = 10 uF
315 mH

55 uF

]

9.02 @ C2 50 pF
316 mH
55 uF

NOPEw ot'w otw
hun

It appears that input capacitance does not change

the magnitudes of the transformer jump voltages.

3. Impact of Transformer Loading on ferroresonance

It appears from the following table that ferroreso-
nance is also possible on lightly-loaded systems. Critical
loads that could eliminate it must also be determined.
However, it was observed that the nonlinear mode returned
as soon as the resistance was disconnected.

a. Pi circuit

60 Hz point Transformer load reguirsd
R =19.02 Q

L = 316 mH RL < 1965 2 (0.553 P.U.)
C = 35 uF (Xc=75.89

=0.0213 P.U.
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R=9.,02 Q
L = 316 mH RL < 710 @ (0.2 P.U.)
C = 40 uF (Xc=66.3Q
= 0.0186 P.U.)
R =09.02 Q
L = 316 mH RL < 225 Q (0.063 P.U.)
C = 55 uF (Xc=48.ZQ

=0.0136 P.U.)

For the 60 Hz point at R = 9.02 @, L = 316 mH, and
C = 35 uF, connecting 1965 Q resistor across the transform-
er will add a resistance to the impedance across the trans-
former as shown below:

_ (-3117.8) (1965)
2 ~ (1965-3117.8)

(=3117.8) (1965+3117.8)
(1965-3117.8) (1965+J117.8)

-ll7.8(1965)2 + (ll7.8)2(l965)
(1965)2 + (ll7.8)2

-§4.5485231 x 10° + 27277991
(1965)2 + (117.8)°

27267991 - §4.5485231 x 10°

- 3875101.8

2, = 7.036759 - j117.37816

The capacitive reactance is almost the same, except
that the effective resistance of the circuit has been in-

creased to 16.056716 2. The new resistance value is no
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longer a critical value.

To eliminate ferroresonance, any resistance connected

across the transformer should have values on or below the

lines shown on Figure 39.

b. Series circuit Ferroresonance was also ob-

served on the series circuit when transformer was loaded
with greater than 690 Q resistance. However, when 690 {
or smaller resistance was connected across the transformer

it completely eliminated the nonlinear mode.

60 Hz point Transformer load reguired
R=9.02¢Q R < 690 Q

L = 316 mH

C =15 uF

For the 60 Hz point, 9.02 @, L = 316 mH, and C =
15 pF, connecting a 690 Q resistor across the transformer
will add a resistance to the impedance, but it will pre-

serve the original reactance value:

;- {3150.3) (690)
2 T 690+3150.3

(3150.3) (690) (690-j150.3)
(690+3150.3) (690-3150.3)

_ 3(690)2(150.3)+(150.3) 2(690)
690°+(150. 3) 2

_ J71557830+15587162
476100+22590.09

15587162+371557830
498690.0°9

31.25621 + j143.49150
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The reactance is almost the same like before, ex-
cept the effective resistance of the circuit has beén in-
creased to RT = 9,02 + 31.2562, and this value of resis-

tance is no longer a critical value.

4. Switching modes by a circuit breaker

a. Pi circuit The following experiments were

conducted under two sets of linear parameters, (1) R =

9.02 £, L = 316 mH, and C = 35 uF; (2) R=09.02 @, L
316 mH, and C = 55 uF.

At certain variac output voltages, modes were switched
by turning the circuit breaker on and off.

In these experiments, the first interesting observa-
tion as the variac output was approaching the critical in-
put voltage, the switching ease from one mode to another
was completely reversed. At well below the critical input
voltage and with more than 100 breaker switchings, it was
not possible to switch transformer voltage from linear to
nonlinear mode. However, as variac output increased but
remained below the critical input voltage (48 VRMS for the
first critical set, 130 VRMS for the second set) it be-
came more difficult to switch from the linear to the non-
linear mode than the revefse. However, as the wvariac out-
put increased still further toward the input critical volt-

age, the tendency to swtich back and forth almost egqualized
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until at just before the critical input voltage it becomes
more difficult to switch from a nonlinear to a linear mode.
At critical input voltage and with more than 100 breaker
switchings, it was not possible to switch back transformer
voltage from nonlinear to linear mode, i.e., the switching
tendency has been completely reversed.

The second observation is that it might seem that
switching should not even occur at or above 55 uF because
these are not critical values. In fact, during breaker
on and off, transient charging currents are created, which
changes the current through the nonlinear element. There-
fore, the inductance which is a function of the current
will also change. This violates our original assumption
that these- values were determined under steady~state con-
ditions.

The third observation was that the critical linear pa-
rameters determined under steady-state were also valid for
the transient condition.

In summary:

R =9.02 Q . R=9.02 Q
Pi circuit L = 316 mH i‘égiiieggd&é‘? NI L=1316 mH
C = 35 uF - : . C=55 uF
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Circuit's Circuit's

critical input Mode critical input Mode
voltage (VMRS) switching voltage (VMRS) switching
0-40 LM-N-NLM 0-60 LM-N-+NLM

For supply voltages of 0-40 or 0-60, volt-
age jumps from linear to nonlinear mode did
not occur when breaker was switched on and
off for more than 300 times.

a2 =D=M 70 LMzDiiy

At 42 Vv and 70 V, it took less than 300
switchings of the breaker for the voltage
to jump from linear to nonlinear mode,
however, it took fewer times for the volt-
age to jump back to linear mode.

44 LMT—NLM 80 LMEENLM

At 44 V and 80 V, it almost took the same
number of switchings of the breaker to
change the modes either way.

46-47 LMTDINLM 90-120 LMIDoNLM

At 46-47 V or 90-120 Vv, the switching ten-
dency is completely reverse of that at 42 V

or 70 V.
48 (CIv)-130 LM«N~NLM 130 (CIV) LM«N=-NLM
At 48 V and 130 V or greater, the switch-

ing tendency is completely reverse of that
at 0-40 V or 0-60 V.

b. Series circuit To find out the relative ease

at which a mode would switch from linear to nonlinear or
vice versa, below, at, or above the critical input voltace,
the following experiments were conducted under three sets

of linear parameters.
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(1) R=9.02 ©, L = 316 mH, and C = 3.3 uF
(2) R=9.02 2, L = 316 mH, and C = 15 uF, and
(3) R=9.02 2, L = 316 mH, and C = 18 VF.

For the first and third sets of parameters, it was
not possible to switch from the linear to nonlinear mode
with over a 100 times turning the breaker on and off.
‘However, for the second set at beléw critical input volt-
age (95 volts RMS for R = 9.02 2, L = 316 mH, and C =
15 WF), it was again difficult to switch from the linéar
to nonlinear mode. As the input voltage was increased
to the critical input voltage of 96 Volts RMS, the ease
of switching from linear to nonlinear or vice versa was
the same. However, at above critical input voltage (97
Volts RMS) and with more thaﬂ 100 transformer switchings
it was not possible to switch back transformer voltage

from nonlinear to linear mode.
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Circuit's Circuit's Circuit's

critical critical critical
input input input

voltage Mode voltage Mode voltage Mode
(VMRS) switching (VMRS) switching (VMRS) switching
0-135 LM-N->NLM C-94 LM=-N-NLM 0-135 LM

Supply voltages of 0 to 135 V in the
first and third experiments did not
cause voltage jump when the breaker
was switched on and off for more
than 300 times.

However, for the second experiment,
this was true only for supply voltage
of 0 to 94 V.

95 LMzD2NIM

At 95 V, it took less than 300 switch-
ings of the breaker, for the voltage
to jump from linear to nonlinear mode;
however, it took fewer times for the
voltage to jump back.to linear mode.

95(C1IV) 97 LM«N-NLHM

At 95 V to 97 V, the switching tendency
is completely reverse of that at 94 V.
Therefore, if ferroresonance is sus-
pected in a given circuit, then switch-
ing in that circuit becomes of prime
importance. To avoid ferroresonance

in this case, switching should be
either minimized or condition of the
supply changed to a safe switching.
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L. Experimental vs. Methods Results

1. Jump resonance and the critical input voltage of the

circuit

Summary of the results obtained by wvarious methods

based on a common set of critical parameters and their mag-

netization curve representation:

Common pi circuit parameters

R
L
C

Method

Piecewise linearization

0.002 P.U.

0.025 pP.U.

50 P.U.

Magnetization

curve representation

technigue ml =1 P.U.,. m2 = 27 P.U.
G. W. Swift's method I, = aean’
Present analysis N(Am)
Transformer Circuit's
voltage (P.U.) critical
Jump Jump input
Method from to voltage (P.U.)
G. W. Swift's method 0.96 1.38 0.19
Piecewise linear method 0.89 1.595 0.22
Present analysis 0.94 1.46 0.22
Experiment 1.08 1.44 0.17
2. Transformer voltage switching and transient times

The results of G. W. Swift's method, present analv-

sis and the experiment are shown:
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Pi circuit Series circuit
Method Switching Transient Switching Transient
G. W. Swift's
method 79.3 s 127.2 s 115.3 s 627.2 s
Present
analysis 79.26 s 67.3 ms 115.3 s 130.4 ms
Experimental 70 s 70 ms 90 s 150 ms

It appears that the transient time obtained by using
Swift's method disagrees with the experimentally observed

transient time.

3. Jump resonance, critical supply voltage, and voltage

transient time of the transformer

The results of Gear's digital program, present analy-
sis, and the experiment are based on a common set of criti-

cal parameters and the magnetization curve representation.

Common pi circuit's critical parameters

R = 9.020(0.002537 P.U.)
L = 316 mH (0.0335069 P.U.)
C = 35 uF (46.911%16 P.U.)
Magnetization
Method curve representation
Gear's method Iy = A+9A3+4A5

Present analysis N(Am)



Method
Gear's method

Present
analysis

Experimental
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Transformer

peak Circuit's Transformer
voltage (P.U.) critical voltage
Jump Jump input peak transient
from to voltage (P.U.) time
0.48 1.16 0.21 567 ms
0.8 1.7 0.38 67.3 ms
0.96 1.34 0.59 70 ms
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VI. CONCLUSIONS AND RECOMMENDATIONS

There are several methods to study ferroresonance such
as piecewise linearization techniques and the Incremental
Describing Function of G. W. Swift (26). In these methods,
the magnetization characteristic model appears to be im-
portant in the evaluation of the possible occurrence of
ferroresonance.

In piecewise linearization and G. W. Swift's method,
the ferroresonance problem of a pi or series unloaded cir-
cuit is approached by simplifying the circuit and the non-
linearity representation in order to make the mathematics
reasonable.

Several researchers in the past have used two straicht
lines to represent nonlinearity. These studies were con- .
ducted between 1931 and 1978, and appears to be focused
on series circuits consisting of a resistor, capacitor,
and an iron-cored inductor. While power transformers are
now connected to either a transmission or distribution
line, implying the presence of an inductance in the trans-
former's circuit, these studies have excluded this induc-
tance that influences the occurrence of ferroresonance.
Also, these studies appear not to emphasize the linear

parameters R, L, and C of the system which appears to be
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as important as the magnetization curve for the analysis
of ferroresonance. In summary, the circuits used in past
studies may not exactly represent a power circuit.

The critical lambdas obtained by this study and based
on common parameters appear closer to the experimental
values than those of the two straight line approximations
of the magnetization curve. In general, as the number of
linear segments for the magnetization curve representation
increased it becomes more difficult to obtain a solution.

Objections to the graphical solution of critical
lambda by G. W. Swift is that it may provide pessimistic
results concerning the susceptibility of various circuits
to ferroresénance. It would be unrealistic to represent
different sizes of transformers made up of different core
material composition with the same single gquintic non-
linear term.

Swift's representation of a magnetization curve by
one nonlinear quintic term may limit the application to
a specific type of transformer.

Gear's program, as a tool for the utilities to study
ferroresonance, is inconvenient because in a limited time
the solution may not be available.

However, if we represent the transformer by a De-

scribing Function based on two slopes of the magnetiza-
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tion curve in a pi or series circuit, it would then
be possible to obtain the critical lambdas or currents
analytically.

Also, a good advantage is provided by this method
because the solution procedure does not break down in
the sense of becoming much more difficult for systems
of higher order than the third.

The Incremental Input Describing Function of the two-
slope representation of the magnetization curve although
an approximation, is shown to yield reasonable results
for the determination of the onset of ferroresonance in-
stabilities in laboratory simulated power circuits.

This Describing Function of the transformer based on
two slopes of the magnetization curve has been used to
study fundamental ferroresonance in a given pi or series
circuit under unloaded as well as loaded circuit condi-
tions. Therefore, in a given circuit configuration with
kXnown parameters, it is possible to predict:

1. Whether or not ferroresonance will occur
for the given R, L, and C circuit.

2. Range of critical capacitance values for
a given R and L.

3. If ferroresonance occurs in a given circuit,
the method shows how far the given parame-
ters should be changed and in what direction
in order to eliminate its occurrence.
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4. Analytical and graphical values of critical

A, I, and L__.

m’ “m eq

5. Sensitivity of the 60 Hertz capacitance re-
sponse locus, G(l1j,R,L,C) to variation in R
and L.

6. Critical input voltage above which ferro-
resonance will occur and transformer voltage
just before and after ferroresonance.

In this study, the results obtained by (1) piecewise
linearization technique, (2) G. W. Swift's method, (3)
Gear's digital program, and (4) two-segments B-H curve -
methodology were compared with the experimental results
described in this study to indicate the various preferable
approaches to study ferroresonance. The following sum-—
marizes the various observations resulted from this study:

1. There is a discrepancy between transformer
voltage transient time obtained by using
G. W. Swift's method and that observed ex-
perimentally.

2. Magnitudes of critical A_ obtained by direct
two-slope piecewise linefrization method are
less accurate than those given by the al-
ternate methodology when compared to those of
the experiment.

3. The critical jump-to A_ obtained by the
Gear's digital programmis close to that of
the experiment, however, jump-from Ap,
critical input voltage, and transient time
are not. These results could have been
improved if the digital program utilized
a polynomial more accurately matched to
the core characteristic than the approxi-
mation A+9A3+417,

4. Although methods 1, 2, and 3 provide close
jump-to Ay to those of the experiment, they
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are limiting or limited in their application
to ferroresonance studies of the power sys-
tem.

In the pi circuit, there are two capacitance
threshold values, the upper and lower limits,
that will place the system in the ferro-
resonance region while there is only an up-
per limit in the series circuit.

For the pi circuit, increasing the circuit's
resistance or decreasing its inductance, de-
creases the circuit's susceptibility to fer-
roresonance and vice versa. In the series
circuit, this susceptibility is more sensi-
tive to variation in inductance than the re-
sistance.

The following critical parameter's value,

validated by experiments, caused ferro-
resonance in the given configuration:

a. Pi circuit

Parameter Predicted Experimental
L 316 mH 316 mH
R 9.02 Q 8.02 Q
C 23.5 to 30 to 55 uF
42 yF

b. Series circuit

Parameter Predicted Experimental
L 316 mH 316 mH
R 9.02 Q 9.02
C 1l to 5 to 15 uF
10.6 uF

For the specified parameters in the given pi
circuit configuration, the relative severity
of voltage jump resonance increased as the
capacitance value within the critical capaci-
tance range increased. However, in the series
circuit, the relative severity of voltage

jump increased to a peak and dropped for
further increases in the capacitance value.
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Minimum transformer loading is required to
eliminate ferroresonance over voltage and

the required resistance to eliminate ferro-
resonance depends on the critical capacitance
value. As shown in Figure 39, these values
must be on or below the lines on the graph.

The calculated transformer voltage switching
and transient times for the pi and series
circuit configurations are close to those

of the experiments as shown:

Transformer Transformer
voltage voltage
Circuit switching time transient time
configuration Calc. Exper. Calc. Exper.
pi 79.26s 70s 67.3ms 70 ms
series 115.31s 90s 130.4ms 150ms

f\:.":.

There 1s a noticeabis Jisagrsement 02tw
the voltage transient time obtained by G W.
Swift's method and that of the experiment:

Circuit Transformer voltage
Configuration Calculated Experimental
pi 127.2s 70ms
series 627.2s 150ms

£ ferroresonance is suspected in a given
circuit, then switching in that circuit be-
comes of prime importance. To avoid ferro-
resonance, in this case, switching should be
either minimized or condition of the circuit
changed to a safe switching.

Ferroresonance will occur at higher supply
voltages for higher capacitance values within
the critical capacitance range.

Gear's program for the utilities to use as

a tool to study ferroresonance is incon-
venient because it depends on the process of
trial and error that is time consuming.
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IX. APPENDIX A: EXPERIMENTS

A. Experimental Validation of the Critical

Capacitance Range in Pi Circuit

To verify that 23.5-42 uF capacitance range of values
will actually cause ferroresonance in the typical pi-circuit
configuration, values for capacitance 5, 10, 15, 20, 25, 30,
35, 40, 55 and 65 uF were chosen for the following experi-

ments with values of AO' m,, and m2 obtained from the B-H

curve:
AO = 0.6551724 P.U.
ml = 1 P.U.
m, = 27.454377 P.U.

and the calculated values used

= 9.02 & (0.002537 P.U.)

Pl
I

316 mH (0.0335069 P.U.)

=
"

The only capacitance values that caused ferroresonance were

between 30 to 55 uF.
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Experiment No. 1l:

9.02 @
316 mH

C= 5 WP Q] 'T\/\/\Jz::;ﬁ;]r_ :_—?“

=
o

115V VARIAC| yyo

¥

Variac Output Voltage Across Voltage Across Total
Voltage Transf. Inductor Current
(Volts=RMS) (Volts=RMS) (Volts=RMS) (A-RMS)
15 8.7 6.3 0
20 13.8 8.6 0.03
25 18.8 10 0.04
30 24 11.7 0.05
35 28.8 13.8 0.07
40 34.3 15.7 0.095
45 39.3 17.4 0.105
50 42.5 18.5 0.11
55 47.3 20.3 0.115 -
60 52.3 22.2 0.12 -
65 56.8 24 0.135
70 61.2 26
75 66 28.1 0.16
80 70 30 0.175
85 74.5 33 0.19
90 78.9 36 0.208
95 83.7 41 0.227
100 87.7 46.7 0.245
105 92.9 54.1 0.272
110 98.2 62.7 0.32
115 104.7 71.7 0.33
120 110.5 80.3 0.36
125 . 117.3 88.2 0.392
130 122 94 0.414
135 126 97.9 0.422
137 127 99 0.438

No Ferroresonance
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Start experiment

Figure 40. Voltage across transformer (Vgp) variac output
15 VRMS, C = 0 uF (scale 50 V/Division)

Figure 41. Voltage across transformer (Vp) variac output
between 15 V - 135 VR4S, voltage increments of
10 VRMS (C = 0 uF) (scale = 50 V/Division)
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Experiment No. 1

Figure 43. Voltage across transformer (Vr) variac output
15 VRMS (C = 5 uF) (scale 50 V/Division)

Figure 44. Voltage across transformer (Vp) variac output
135 VRMS (C = uF) (scale 100 V/Division)
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Experiment No. 2:

R=29.02Q
L = 316 mH
Cx= 10 ufF
Variac Output Voltage Across Voltage Across Total
Voltage Transf. Inductor Current
(Volts-RMS) (Volts-RMS) (Volts—-RMS) (A-RMS)
15 10 5.2 0
20 16.5 7 0.025
25 22.8 8.5 0.03
30 29.2 11.2 0.05
35 36 12.2 0.08
40 42.5 14 0.1
45 47.3 17 0.115
50 53.2 19 0.12
55 59 20.8 0.13
60 64.2 22.2 0.15
65 69.2 23.8 0.165
70 73.3 25 0.18
75 77.7 26.3 0.185
80 81 27.8 0.19
85 84 29.6 0.195
90 86.7 31.3 0.2
95 89 33.8 0.21
100 91.2 36.3 0.217
105 93.4 39.2 0.233
110 . 95.2 42 0.25
115 97.3 45 0.27
120 99.6 51 0.292
125 101 55 0.31
130 103 59.8 0.331
135 105.5 65.8 0.363
137 107.2 69.7 0.378

No Ferroresonance
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Experiment No. 2

E

N0

R, |

£

(variac output

between 15 V - 135 VRMS, voltage increments o
scale

10 VRMS, voltage increments of 10 VRMS, C =
50 V/Division

Voltage across transformer (Vg)
10 uF,

Figure 45.
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Experiment No. 2

Figure 46. Voltage across transformer (V) (variac output
15 VRMS, C = 10 puF, scale = 50 V/Division)

4@%m@§!é :
5%3-'§§§é§5%§tggb; Eg <
I EEEE T

Figure 47. Voltage across transformer (Vq) (variac output
135 VRMS, C = 10 uF, scale 50 V/Division)
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Experiment No. 3:

R =29.02Q
L = 316 mH
Cx = 15.06 uF
Variac Output Voltage Across Voltage Across Total
Voltage Transf. Inductor Current
(Volts-RMS) (Volts—RMS) (Volts—-RMS) (A-RMS)
15 12.7 5.7 0.0
20 22 10 0.05
25 30.2 14.7 0.1
30 38 19.9 0.13
35 45.5 24.5 0.17
40 54.6 29 0.2
45 61.6 32 0.229
50 69 34.4 0.248
55 75 36.2 0.263
60 80 36.3 0.265
65 83.7 36.5 0.266
70 86.7 34.3 0.26
75 89.2 33 0.257
80 91.5 32 0.248
85 93.5 32 0.24
90 95.2 36.2 0.235
95 97 33.3 0.231
100 98.7 35.3 0.23
105 190 37.1 0.236
110 101.8 39.5 0.292
115 103 42 0.253
120 104 45 0.267
125 105.5 . 48 0.285
130 106.8 - 51 0.31
135 108.0 54.5 0.32
138 108.8 56.8 0.333

No ferroresconance
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Ex er‘i_ment to. 3

Figure 49. Voltage across transformer (Ve) (variac output
15 VRMS, C = 15 uF, scale = 50 V/Division

Figure 50. Voltage across transiormer (Vvp) (variac output
135 VRMS, C = 15 uF, scale 50 V/Division)
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Experiment No. 4:

R=29.02Q
L = 316 mH
Cx= 20.04 yF
Variac Output Voltage Across Voltage Across Total
Voltage Voltage Inductor Current
(Volts—-RMS) (Volts-RMS) (Volts-RMS) (A-RMS)
15 21.5 13.5 0.09
20 35.2 24.9 0.16
25 44.5 34.5 . 0.23
30 54.8 41 ©0.292
35 65 48 0.34
40 73.7 52.8 0.377
45 80.7 54.8 0.391
50 85 55 0.392
55 88.8 54 0.383
60 90.5 52 0.369
65 94 50.5 0.353
70 95.8 48.5 0.338
75 97.6 46.2 0.32
80 99 45 0.309
85 101 43 0.292
90 102.7 42 0.28
95 104 41 0.27
100 105 40.9 0.262
105 106.4 41 0.258
110 107.4 41.2 0.256
115 108.7 42.1 0.26
120 110 43.5 0.265
125 111 45.8 0.275
130 111.9 48.2 0.29
135 112.8 51 0.301
138 113.3 52.6 0.313

No Ferrorescnance
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Experiment No. 4
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Experiment HNo. 4

Figure 53. Voltage across transformer (Vp) (variac output
15 VRMS, C = 20 pF, scale 50 V/Division)

1

Figure 54. Voltage across transformer (Vr) (variac output
115 VRMS, C = 20 uF, scale 50 V/Division)
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Experiment No. 5:

R =29.02 8
L = 316 mH
CX= 25.04 uF

Variac Output Voltage Across Voltage Across Total
Voltage Trans£. Inductor Current
(Volts-RMS) (Volts-RMS) (Volts—-RMS) (A-RMS)

15 29 27.5 - 0.18
20 43 45 0.3
25 56 55 0.39
30 69 67.2 0.478
35 80 75 0.53
40 87.8 76 0.537
45 92.2 74 0.52
50 95.2 70.8 0.5
55 98 67.4 0.475
60 100 64.2 0.452
65 102 61.2 0.429
70 103.9 58.2 0.408
75 105 55.4 0.387
80 106.4 53 0.363
85 108 50.8 0.341
90 109 49 0.327
95 110.2 47 0.31
100 111.1 45.6 0.3
105 112.1 45 0.2S
110 113 44.8 0.283
115 114 44.6 0.28
120 114.6 44.2 0.28
125 115.5 46.2 0.282
130 116.2 48.3 0.291
135 117 50.2 0.302
138 117.5 52.1 0.312

No Ferroresonance
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Figure 56.

Inductance vs. lambda for pi circuit of Experiment No. 5
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Experiment No. 5
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Voltage across transformer (Vp) (variac output
between 15 V - 135 VRMS, voltage increments of
10 VRMS, C = 25 uF, scale 50 V/Division)

Figure 57.
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Experiment No. 5

Figure 58. Voltage across transformer (vp) (variac output
15 VRMS, C = 25 uF, scale 50 V/Division)
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Figure 59. Voltage across transformer (Vp) (variac output
135 VRMS, C = 25 uF, scale 50 V/Division)
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Experiment No. 6:

R=9.020Q
L = 316 mH
CX= 29.69 uF

Variac Output

Voltage Across

Voltage Transf.
(Volts—RMS) (Volts-RMS)
15 33
20 42
25 51.5
30 63.2
35 78.5
40 96.4
45 100.7
50 103.5
55 105.5
60 107
65 108.5
70 110
75 110.3
80 112.3
85 113.3
90 114.2
95 115.0
100 116.0
105 116.7
110 117.4
115 118.2
120 118.8
125 119.5
130 120.1
135 120.7
138 121.2

Voltage Across
Inductor
(Volts—-RMS)

37
49.5
61.7
79
94
92
87
82
78.8
73.7
70
66.8
63.3
60.5
57.2
55
52.3
51
49.2
48.2
48
47.8
48
48.4
50
52

Total
Current
(A-RMS)

0.257
0.355
0.45
0.55
0.658
0.651
0.612
0.574
0.543
0.516
0.489
.463
.437
.413
.39
.369
0.35
0.331
0.317
0.307
0.301
0.299
0.3
0.301
0.307
0.317

Increase

cCoooo
Decrease

There is a slight jump at 35V, but it cannot be seen on the

oscilloscope CRT
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Experiment No. 7:

R=9.028

L = 316 mH

CX= 35.02 uF

Variac Output Voltage Across Voltage Across Total

Voltage Transt. Inductor Current

(Volts—RMS) (Volts-RMS) - _(Volts-RMS) (A-RMS)
15 25.6 34.3 0.24
20 34 47 0.332
25 40.3 57 0.41 o
30 46 68.5 0.489 &
35 53.7 80 0.568 2
40 62.4 93 0.656 0
45 . 70.8 104.8 0.737 3
46 - 72.8 107.7 0.757
47 75 110.5 0.777
48 F.R. occurs 77.7 113.5 0.798
49 =7 109 85.5 0.668
50 109.3 94.3 0.66
55 111.4 88 0.579
60 113.1 82.9 0.579
65 114.1 78.4 0.544
70 115 74.2 0.514
75 116 70.3 0.488
80 117 67 0.46
85 117.8 63.2 0.433
90 118.5 60.8 0.408 g
95 119.2 57.8 0.385 3
100 120 55 0.363 09
105 120.6 53 0.345°%
110 121.2 52 0.332
115 121.7 51 0.321
120 122.2 50.5 0.315
125 122.8 50.1 0.312
130 123.2 50.2 0.312
135 123.8 51 0.317

137 124.2 52 0.32
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Experiment No. 7
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Figure 60. Voltage across transformer (Vp) linear and
nonlinear (variac output between 15 V - 135
VRMS, voltage increment of 15 VRMS, C = 35 uF,

scale V/Division)



Figure 61.

Figure 62.
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Voltage across transformer linear mode (80
VRMS) (variac output voltage 48 VRMS, C =

35 uF). Voltage across transformer nonlinear
mode (108.7 VRMS, variac output voltage 48.5
VRMS, C = 35 uF, scale 50 Vv/Division)

Voltage across transformer linear mode (80
VRMS) (variac output voltage 48 VRMS, C =

35 pF). Voltage across transformer second
mode (108.7 VRMS, variac output voltage 48.5
VRMS, C = 35 uF, scale 50 V/Division)
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Experiment No. 7
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Figure 63. Voltage across transformer linear mode (upper),
voltage across transformer nonlinear mode
(lower) (voltage period 20 ms/division, C =
35 uF, scale 50 V/Division) .
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Figure 64. Voltage across transformer linear mode (upper),
voltage across transformer nonlinear mode
(lower) (voltage period 50 ms/division, C =
35 uF, scale 50 V/Division)
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Experiment No. 7

Figure 65. Transformer current (Ip) just before and after
ferroresonance (variac output 48 VRMS, C =
35 uF, scale before F.R. 0.1 V/Division, scale
after F.R. 0.5 V/Division, shunt 50 MV/A)

=
@ﬁmﬁﬁ

Figure 66. Transformer current (Ip) Jjust before and after
loading transformer with R = 150 2, scale 0.5
V/Division, C = 35 uF, shunt 50 MV/A)
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Experiment No. 8:

R =29.02Q
L = 316 mH
Cx= 40.05 uF

Variac Output Voltage Across

Voltage Trans.
(Volts-RMS) (Volts-RMS)
15 19.8
20 26
25 31.7
30 36.5
35 41.5
40 46.5
45 52
50 57.5
55 63.2
60 70
65 78
66 F.R. occurs80.5
67 120
70 120
75 121
80 121.3
85 122
90 122.5
95 123.2
100 124.0
105 124.3
110 124.8
115 125.2
120 126.0
125 126.2
130 126.8
135 127.2

138

127.5

Voltage Across Total
Inductor Current
(Volts-RMS) (A-RMS)
31 0.215
42 0.295 $
52 0.37
61.6 0.435 4
70.8 0.5 &
80 0.572 +
90 0.64
100 0.71
112 0.77¢
123 0.855
134 0.938
138 0.96
83 0.575
80 0.556
77 0.524
73.5 0.502
70 0.473 o
66 0.449 2@
63 0.42 «
60 0.398 o
58 0.377 8
56 0.36
54 0.348
53.8 0.34
53.2 0.33
53 0.33
53.3 0.33
54 0.331



.-"l‘ Ll:t
i i KNI
=v:5': 1 Lt e IHE
A »|‘||| 5 11 1 5 L 3]
=9.02 0 (0.002537 PU) i st
=316 mH (0.0335069 laf
P1I) EIR

40 pF (53.613617 jEA
A3

1“.

g o 3
piy = = - -2

'1'"1"

e :i; .|'.|| Rk

-1.2n

: I
n -0.A0 -0.40 -0.20 0.00 g.20 0.40
e P_-u:_'_ ; 0.60

Fi(JuL.e 67-

Stability and frequency response curves for pi
of Experiment No. 8

clrcuit

02



202

: , :

0.8n 0.91n

0.70

LAKBDBA F.U.

Inductance vs. lambda for pi circuit of Experiment No. 8
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Figure 69. Voltage across transformer (Vr) just before and
after ferroresonance (variac output 66 VRMS,
C = 40 pyF, scale 50 V/Division)

Figure 70. Transformer current (I) -just before and after
ferroresonance (variac output 66 VRMS, C =
40 uF, scale 0.02 V/Division, shunt 50 MV/A)
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Experiment No. 8

Figure 71. Voltage across transformer linear and nonlinear
modes (variac output 15 V and 135 VRMS, C =
40 uF, scale 50 V/Division)
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Figure 72. Transformer current linear mode scale 0.02 V/
Division, transformer current nonlinear mode
(scale 0.05 Vv/Division, shunt 50 MV/A)
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Experiment No. 9:

Increase

R=9.02Q
L = 316 mH
CX— 54.9 pF
Variac Output Voltage Across Voltage Across Total
Voltage Transf. Inductor Current
(Volts-RMS) (Volts~RMS) (Volts=RMS) {(A-RMS)
15 13 26.5 0.19
20 16.3 35 0.245
25 19.3 42.7 0.32
30 22 50 0.355
35 25.3 . 57.4 0.41
40 28.1 65.5 0.468
45 30.8 73 0.517
50 33.2 81l.2 0.57
55 36.2 89.2 0.628
60 39 91.2 0.677
65 42 103.8 0.729
70 44.5 117.7 : 0.783
75 47 118.2 0.829
80 50 126.0 0.883
85 53.4 135.3 0.95
90 56 142.5 0.99
95 59.8 150 1.042
100 62.7 159.4 1.102
105 65.7 163.2 1.158
110 69 175 1.212
115 72.2 183.7 1.262
120 76 197 1.325
125 80.3 201 1.384
130 86.2 210.3 1.455
132 F-R. occurs 44,75 60.7 0.39
135 135 60 0.39
138 135 60 0.39

Decreasc
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Stability and frequency response curves for pi circuit

of Experiment No. 9
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Inductance vs. lambda for pi circuit of Experiment No. 9
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Experiment No. 9

o~

Figure 77. Voltage across transformer linear and nonlinear
modes (variac output between 15 V - 135 VRMS,
voltage increments of 10 VRMS, C = 35 uF,
scale 50 V/Division)
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Pigure 78. Voltage across transformer linear mode (upper),
voltage across transformer nonlinear mode
(lower}) (C = 55 uF, scale 50 V/Division)
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Experiment No. 9

Figure 79. Voltage across transformer (Vp), variac output
15 VRMS, C = 55 uF, scale 50 V/Division)

tE

VNS INY

Figure 80. Voltage across transformer linear mode (Sinu-
soidal), voltage across transformer nonlinear
mode (distorted) (C = 55 uwF, scale 50 V/Divi-
sion)
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Experiment NoO.

Figure 8l. Transformer current (Ip) just before and after
ferroresonance, variac output 130 VRMS, C =
55 uF, scale before F.R. 0.0l V/Division, scale
after F.R. 0.2 V/Division, shunt 50 MV/A)
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Figure 82. Transformer current (Ip) just before and after
loading transformer with R = 150 @, scale 0.2/
division, C = 55 uF, shunt 50 MV/A
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Experiment No. 10:

R=9.02%Q

L = 316 mH

CX= 64.7 ufF

Variac Output Voltage Across Voltacge Across Total
Voltage Transf. Inductor Current
(Volts—-RMS) (Volts-RMS) (Volts—RMS) (A-RMS)

15 9 22.2 0.15
20 11.8 30.7 0.215
25 14.1 38 0.267
30 16.5 ‘ 45 0.315
35 . 19 51.8 0.369
40 21.3 59.5 0.42
45 23.3 66.5 0.467
50 25.7 73.2 0.515
55 28 81 0.562
60 30 87.7 0.617
65 32.3 94.4 0.664
70 34.4 101.3 0.712
75 36.5 108.2 0.758
80 38.4 114.5 0.805
85 40.2 121.5 0.852
90 42.2 128.5 0.9
95 44.2 135.8 0.948
100 47 145.5 1.01
105 49.5 152 1.05
1310 51.7 159.8 1.1
115 53.7 166 1.15
120 56 173.5 1.2
125 58.4 187 1.225
130 60.8 187.5 1.295
135 63 195 1.34
138 65 201 1.382

No Ferroresonance
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Experiment No.
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Voltage acros

Figure 83.
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/Division)

- 135 VRMS, voltag
65 uF, scale 100 V
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between 15 V
10 VRMS,
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B. Effect of Pi-Circuit Input Capacitance

on Ferroresonance

The following four experiments showed that the input

capacitance of the transmission line has no effect on the

magnitudes of critical voltages.

R = 9.02
L = 316 mH
C1 = 35 mH .
Variac Output Voltage Across Voltage ACross Total
Voltage Transf. Inductor © Current
(Volts—RMS) (Volts—RMS) (Volts—RMS) (A—-RMS)
15 25 3 0.21
20 33.5 46 0.27
25 40 56.3 0.339
30 45.8 67.8 0.402
35 53 79.7 0.466
40 61.7 92.6 0.538
45 70 104 0.61
46 72 107 0.626
47 74.3 110 0.644
48 77.3 113 0.664
49 80.8 116.5 0.688
49.5 F.R. occurs 109 96.3 0.723
50 109.2 95.8 0.7215
55 111.2 89.8 0.708
60 113 g84.2 0.695
65 114.1 79.5 0.681
70 115.2 75 0.669
75 116.4 70.5 0.655
80 117 67.2 0.643
85 118 63.5 0.629
90 118.8 60.5 0.616
95 119.2 57.4 0.602
100 120 55 0.58¢
105 120.8 53.1 0.573
110 121.2 52 0.561
115 121.8 51.2 0.547
120 122.5 51 0.535
125 123 51 0.522
130 123.7 51.5 0.51
135 124 52.6 0.498

138 124.5 53.7 0.488
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Figure 84. Voltage across transformer (Vq), linear and
nonlinear modes (variac output between 15 V -
135 VRMS, C; = 35 wF, Cp = 10 uyF, scale 50
V/Division)

Figure 85. Voltage across transformer (Vg), nonlinear
mode (variac output 135 VRMS, C; = 35 uF, C2 =
10 wF, scale 50 V/Division)
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R =9.02 &
L = 316 mH
Cl = 35 uF
C2 = 30 uF
Variac Output Voltage Across Voltage Across Total
Voltage Transf. Inductor Current
(Volts—=RMS) (Volts~-RMS) (Volts—RMS) (A-RMS)
15 25 34.5 0.165
20 33.5 46 ' 0.215
25 40 56.8 0.258
30 46.5 68.7 0.3
35 53.8 80.7 0.339
40 62 93 0.388
45 70.8 105.2 0.443
46 73 108.2 0.458
47 75.5 111.2 0.476
48 78.8 114.5 0.497
g9 F-R. occurs 449 96.5 0.92
50 109.2 95.2 0.93
55 111.5 : 89.0 0.985
60 113 83.8 1.02
65 114.2 79 1.052
70 115.2 75 1.088
75 116.5 70.5 1.12
80 ‘ 117.4 66.8 1.15
85 118 63.1 1.18
90 118.8 60.2 1.208
95 119.5 57.3 1.233
100 120 55 1.26
105 120.7 53.1 1.285
110 121.2 52 1.31
115 122 51.4 1.335
120 122.5 51 1.36
125 123 51.1 1.382
130 123.7 52 1.408
135 124.2 53 1.43

138 124.5 54 1.43
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Figure 86. Voltage across transformer (Vrp), linear and
nonlinear modes (variac output between 15 V -
135 VRMS, Cy; = 35 uF, Cy = 30 uF, scale 50
V/division)

Figure 87. Voltage across transformer (Vg), nonlinear
mode (variac output 135 VRMS, C; = 35 uF, Cy =
30 uF, scale 50 v/division)



219

Figure 88 . Transformer current (Ip) just before and after
F.R. (variac output 48 VRMS, C; = 35 uyF, C, =
30 uF, scale 0.5 vV/division, shunt 50 MV/A?

Figure 89. Transformer current (Ip) Just before and after
loading witia 150 at F.R. (variac output 48 VRMS,
C, = 35 uF, C2 = 30 pF, scale 0.5 V/division, shunt
5§ Mv/a)




Variac Output
Voltage
(Volts-RMS)

15
20
25
30
35
40
45
50
55
60
65
70
75
80
85
90
95
100
105
110
115
120
125
130
133
135
138

F.R. occurs
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R =9.02 Q
L = 316 mH
C., = 55 uF
C, = 10 uF
Voltage Across Voltage Across Total
Transf. Inductor Current
(Volts—-RMS) {(Volts—RMS) (A-RMS)
12 25.7 0.12
15.5 34.5 0.17
18.5 42.3 0.21
21.5 49.9 0.25
24.5 57 0.285
27.8 65.3 0.322
30.3 72.8 0.359
33.2 81 0.394
36.2 89 0.432
39 96.6 0.468
42 104 0.502
44.5 111.1 0.533
47.5 119.2 0.57
50.1 126.4 0.604
53.2 135 0.642
56.2 142.3 0.675
59.5 149 0.705
62.1 158 0.74
65.1 166 0.778
68.4 174 0.814
71.7 182 0.85
75 190 0.889
79.3 199 0.932
84 208 0.978
135 61.5 0.6
135 61 0.594
135.2 60.8 0.582
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Figure 90. Voltage across transformer (Vp), linear and
nonlinear modes (variac output between 15 V -
135 VRMS, voltage increment of 10 VRMS, Ci =
55 uF, Cy = 10 uF, scale 50 Vv/division)

Figure 91. Voltage across transformer (V,), second mode
(variac output 135 VRMS, C1 =55 uF, Cy =
10 uF, scale 50 V/division)
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R = 9.02 Q
L = 316 mH
Cl = 55 uF
C2 = 50 uF
Variac Output Voltage Across Voltage Across Total
Voltage Transf. Inductor Current
(Volts—-RMS) (Volts-RMS) (Volts—-RMS) (A—-RMS)
15 12 25.7 0.10
20 15.8 35.2 0.14
25 18.8 42.1 0.20
30 22 50.8 0.235
35 24.9 58 0.28
40 28 66.6 0.321
45 31 74 0.363
50 33.8 82.5 0.41
55 37 90.8 0.455
60 39.8 98.5 0.5
65 43 105.7 0.545
70 45 113.2 0.589
75 48.4 121.3 0.633
80 51.2 129.3 0.678
85 54.1 137.2 0.721
90 57.2 145 0.765
95 60.2 153 0.79
100 63.2 161.5 0.834
105 66.6 170 0.878
110 70 178 0.917
115 73.2 186 0.96
120 77.2 194.5 1.0
125 8l.3 203 1.02
130 88 213 1.05
132 F-R. occurs 434 5 61 2.0
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Figure 92. Voltage across transformer (Vg), linear and
nonlinear modes (variac output between 75 V -
135 VRMS, C; = 55 uF, C2 = 50 F, scale 50
V/division)

Figure 93. Voltage across transformer (Vg), nonlinear
mode (variac output 135 VRMS, C; = 55 uF,

C2 = 50 uF, scale 50 Vv/division)
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Figure 94. Transformer current (Ip) just before and after

F.R. (variac output 130 VRMS, Ci = 55 .F, C2 =
50 uF, scale 0.5 V/division, shunt 50 MV/A)

Figure 95. Transformer current (I;) just before and after
loading with 150 Q& at F.R. (variac output 130
VRMS, C; = 55 uF, Cy = 50 uF, scale 0.5 Vv/divi-
sion, shunt 50 MV/A)



C. Switching Modes
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by a Circuit Breaker

1. Pi circuit
LM = Linear Mode R=29.02Q
NLM = Nonlinear Mode L = 316 mH
C = 35 uF
Variac Output Voltage Across Number of Times
Voltage Transf. Circuit Breaker
Mode (Volts-RMS) (Volts-RMS) Off Oon
LM 40 62.5
LM 40 62.5 >100 >100
LM 42 67.3
NIM 42 103 1 1
LM 42 67 1. 1
NIM 42 103 2 2
M 42 66.8 1 1
NLM 42.2 102.8 3 3
M 42 66.5 1 1
NIM 42 102.8 51 51
M 42 67.5 1 1
NILM 42 103.2 5 5
M 42 66.7 1 1
NILM 42 102.7 42 42
LM 42 66.5 3 3
N1IM 42 102.8 11 11
LM 42 66.5 1 1
M 42 66.5 600 600
M 44 70
NLM 44 106 1 1
LM 44 70 2 2
NLM 44 106 2 2
M 44 70 1 1
NIM 44 106 1 1
LM 44 71 1 1
NLM 44 106.2 1 1
LM 44 71 4 4
NLM 44 106.1 1 1
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IM = Linear Mode R =9.02Q
NLM = Nonlinear Mode L = 316 mH
C = 35 yF
Variac Output °~ Voltage Across Number of Times
Voltage Transf. Circuit Breaker
Mode (Volts—-RMS) (Volts-RMS) Off On
M 44 71 1 1
NLM 44 106.3 1 1
LM 44 71 3 3
_ NLM 44 106.2- 3 3
M 44 ‘71 1 1
NLM 44 106.2 1l 1
M 44 70 1 1
NLM 44 106 2 2
M 44 70 1 1
NLM 44 106.2 1 1
M 44 70 3 3
LM 44 70
NILM 44 106.2 2 2
M 44 70 2 2
NLM 44 106.1 5 5
M 44 71 1 1
NILM 44 106.2 2 2
M ‘ 44 71 1 1
NILM 44 106.3 1 1
M 44 71 3 3
NIM 44 106.2 3 3
M 44 71 2 2
NILM 44 106.2 3 3
M 44 71 2 2
NLM 44 106.3 1 1
M 44 71 1 1
NIM 44 106.3 1 1
LM 44 71 1 1
NLM 44 106.2 1 1
LM 44 71 4 4
NLM 44 106.2 2 2
LM 44 71 1 1



227

IM = Linear Mode R =9.02 Q
NIM = Nonlinear Mode L = 316 mH
C = 35 uF
Variac Output Voltage Across Number of Times
Voltage Transf. Circuit Breaker

Mode (Volts—-RMS) (Volts—-RMS) Off On
M 44 71
NLM 44 106.2 1 1
M 44 71 1l 1
NLM 44 106.3 1 1
M 44 71 3 3
NLM 44 106.2 1 1
M 44 71.1 1 1
NLM 44 106.2 3 3
M 44 71 1 1
NLM 44 106.2 2 2
M 46 76.2 ~
NLM 46 107.8 1 1
LM 46 76 6 6
NLM 46 107.5 1 1
M 46 76 1 1
NLM 46 107.8 1 1
M 46 75.8 13 13
NLM 46 107.7 1 1
M 46 75.7 8 8
NLM 46 107.6 2 2
NLM 46 107.6
M 46 76 12 12
NLM 46 107.8 1 1
M 46 76 1 1
NLM 46 107.8 1 1
M 46 76 3 3
NLM 46 107.8 1 1
M 46 76 3 3
NLM 46 107.6 1 1
M 46 . 75.7 4 4
NLM 46 107.8 2 2
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LM = Linear Mode R =209.02 @
NIM = Nonlinear Mode L = 316 mH
C = 35 uF
Variac Output Voltage Across Number of Times
Voltage Transf. Circuit Breaker

Mode (Volts-RMS) (Volts—RMS) Off On
M 46 75.8 1 1
NILM 46 107.7 1 1
M 46 75.7 3 3
NLM 46 107.8 1 1

46 74.8 24 24
NLM 46 107.5 1 1
M 46 74.5 3 3
NLM 46 107.3 1 1
M 46 75.8 1 1
NLM 46 107.5 1 1
NLM 46 107.5
M 46 - 74.3 73 3
NLM 46 107.3 1 1
M 46 75 3 3
NLM 46 107.3 1 1
M 46 74.7 5 5
NLM . 46 107.2 1 1
LM 46 74.8 9 9
M 47 81
NLM 47 108.2 1 1
M 47 78 48 48
NLM 47 108.2 1 1
M 47 78.2 6 6
NLM 47 108 1 1
M 47 78 -7 7
NLM 47 108.1 1 1
M 47 80.1 38 38
NLM 47 108.3 1 1
M 47 78.2 8 8
NLM 47 108 1 1
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NIM
NLM
NLM
NLM
NLM
NLM
NLM
NLM
NLM
NLM
LM

NIM
NLM
NLM
NIM

NLM
NLM

Variac Output
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IM = Linear Mode

Voltage Across

R

Nonlinear Mode L

C

9.02 @
316 mH
35 uF

Number of Times
Circuit Breaker

Voltage Transf.
© (Volts-RMS) (Volts—-RMS)

47 78.3
47 108.2
47 77

47, 107.8
47 77

47 108.1
47 78.5
47 108 -
47 78.7
47 108.2
47 78

47 io08

47 77

47 108.3
47 77.5
47 108.2
47 77.8
47 108.2
47 77.7
47 108.2
47 77.8
47 108.2
47 78.8
47 108.3
47 78.7
48 108.7
48 108.7
50 109.3
50 109.3

Off On
20 20
1 1
33 33
1 1

N

NN

NHNHOHUIFORSHURNDENEF &N

>100

>100

N

[\V)

N 00 U 00~ = UL N N N

>100

>100
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IM = Linear Mode R=9.02 Q
NLM = Nonlinear Mode L = 316 mH
C = 35 yF
Variac Output Voltage Across Number of Times
Voltage Transft. Circuit Breaker
Mode (Volts-RMS) (Volts—-RMS) Off On
NILM 60 113
NLM 60 113 >100 >100
NLM 65 114.1 ~
NLM 65 114.1 >100 >100
NLM 70 115
NLM 70 115 >100 >100
NLM 80 117 .
NLM 80 117 >100 >100
NLM 90 118.5
NLM 90 118.5 >100 >100
NLM 100 120
NLM 100 120 >100 >100
NLM 110 121.2
NLM 110 121.2 >100 >100
NLM 120 122.2
NLM 120 122.2 >100 >100
NLM 130 123.2
NLM 130 123.2 >100 >100

it is gbyious that after the variac output voltage exceeds
the critical voltage, it is very difficult to return trans-
former voltage to the linear mode.



231

IM = Linear Mode R =9.02 Q
NLM = Nonlinear Mode L = 316 mH
C = 55 uF

Variac Output Voltage Across Number of Times

Voltage Trans<f. Circuit Breaker

Mode (Volts-RMS) (Volts—~RMS) Off On
M 45 30
M 45 30 >100 >100
M 60 39
M 60 39 >100 >100
M 70 45
NLM 69.8 129 12 17
M 70 45 1 1
NLM 70 129 8 8
M 70 45 1 1
NLM 70 129 5 5
M 70 45 1 1
NLM 70 129 9 9
M 70 45 1 1
NILM 70 129 19 19
M , 70 45 1 1
NLM 70 129 1 1
M 70 45 1 1
NLM 70 129 13 13
M 70 45 1 1
NLM 70 129 2 2
M 70 45 1 1
NLM 70 129 16 16
M 70 45 1 1
NLM 70 , 129 15 15
M 70 45 1 1
NLM 70 129 5 5
LM 70 45 1 1
NLM 70 129 3 3

70 45 1 1
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IM = Linear Mode R =9.02 Q
NLM = Nonlinear Mode L = 316 mH
C = 55 uF
Variac Output Voltage Across Number of Times
Voltage Transf. Circuit Breakex

Mode (Volts-RMS) (Volts-RMS) On Off
'NIM 70 129 13 13
M 70 45 1 1
NLM 70 129 3 3
M 70 45 1l 1
NLM 70 129 1 1
M 70 45 1 1l
NLM 70 129 24 24
M 80 51

NLM 80 130 3 3
M 80 51 1 1
NLM 80 130 3 3
M 80 51 1 1
NLM 80 130 3 3
LM 80 51 1l 1
NLM 80 . 130 1 1
M 80 51 2 2
NLM 80 130 2 2
M 80 51 4 4
NLM 80 130 3 3
M 80 51 1 1l
NIM 80 130 2 2
M 80 50.7 1 1
NLM 80 130 2 2
M 80 50.7 1l 1
NLM 80 130 2 2
M 80 50.7 3 3
NLM 80 130 1 1
LM 80 50.7 1 1
NLM 80 130 1 1
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IM = Linear Mode

Voltage Across

R

Nonlinear Mode L

C

9.02 Q
316 mH
55 uF

Number of Times
Circuit Breaker

Voltage Transf.

Mode (Volts-RMS) (Volts-RMS) Off
LM 80 50.7 2
NLM 80 130 1
M 80 50.7 1l
NLM 80 130 4
LM 80 50.7 1
NLM 80 130 1
M 80 50.7 2
NLM 80 130 1
M 80 50.7 1
NLM 80 130 4
M 80 50.7 5
NLM 80 130 2
M 80 50.7 1
M 90 56.3

NLM 30 131 1
M 90 56.2 5
NLM 90 131 1
M 90 56 6
NLM 90 131 1
M 90 56.2 2
NLM 90 131 1
LM 90 56.2 2
NILM 90 131 1
M 90 56.2 2
NLM 90 131 1
M 90 56 9
NIM 90 131 1
M 90 56 1
NLM a0 131 1
M 90 56.2 2

On

UL R S N

NHEHHFORNHENFENEFO WU



Mode

NIM
NIM
NIM
NLM
NIM
NIM
LM

NLM
M

NILM
NIM

NILM

NIM

NLM

NIM

NIM

NILM

Variac Output
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Linear Mode
Nonlinear M

ks
o

Voltage Across

Voltage Transf.
(Volts—-RMS) (Volts-RMS)
90 131
90 56.5
90 131
90 56.2
90 131
90 56.2
90 131
90 56.5
90 131
90 56.5
90 131
90 56.5
90 131
90 56.5
90 131
90 56.1
90 131
90 56.1
90 131
90 56.1
100 63
100 132
100 62.5
100 132
100 62.8
100 132
100 62.5
100 132
100 62.8
100 132

ode

R
L
C

9.02 @
316 mH
55 uF

Number of Times
Circuit Breaker

Off On
2 2
1 1
1 1
1 1
1 1
1 1
2 2
7 7
2 2
3 3
1 1

15 15
1 1
6 6
4 4
3 3
1 1
1 1
1 1
4 4
1 1
6 6
1 1

32 32
1 1
3 3
1 1

16 16
1 1
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IM = Linear Mode R=29.02 Q
NIM = Nonlinear Mode L = 316 mH
C = 55 yF

Variac Output Voltage Across Number of Times

Voltage Transf. Circuit Breaker

Mode {(Volts-RMS) (Volts-RMS) Off on
M 110 69.8

NLM 110 133 1 1
NIM 110 133 >300 >300
LM 120 71.5

NIM 120 133.8 1 1
NIM 120 133.8 >300 >300
M 130 88

NIM 130 134.5 1 1
NIM 130 134.5 >300 >300

NIM 132 134.5 >300 >300
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2. Series circuit
LM = Linear Mode R=29.02 @
NLM= Nonlinear Mode L = 316 mH
C = 3.3 uF

Variac Output Voltage Across Number of Times

Voltage Transf. Circuit Breaker
Mode (Volts—-RMS) (Volts-RMS) Off On
M 115 99
M 115 99 >100 >100
LM 120 100
M 120 100 >100 >100
M 130 101
LM 130 101 >100 >100
LM 135 102
LM 135 102 >100 >100

LM = Linear Mode R=9.02¢Q
NLM= Linear Mode L = 316 mH
C = 15 yF
Variac Output Voltage Across Number of Times

Voltage Transf. Circuit Breaker
Mode (Volts—~-RMS) (Volts—RMS) Off On
M 94 108
LM 94 108 >100 >100
LM 95 112
NLM 95 150 76 76
LM 85 112 1 1
NLM 85 150 . 78 78
LM 95 112 1 1
NLM 95 150 58 58
M 95 112 1 1
NLM 95 150 55 55
LM 95 112 1 1
NLM 95 15¢Q 56 56
LM 95 112 1 1
NLM 95 150 84 84

LM 95 112 1 1



(Continued)

Variac Output
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Voltage Across

Number of Times
Circuit Breaker

On

Without Switching
Without Switching
Without Switching

R

>100

9.02 Q
316 mH
18 uF

Number of Times

Circuit Breaker

Voltage Transf.

Mode (Volts—RMS) (Volts-RMS) Off

M 96 112

NLM 96 152

M 96 118

NIM 96 152

NLM 97 153

NLM 97 153 >100
LM = Linear Mode
NLM= Nonlinear Mode L

Variac Output Voltage Across
Voltage Transf.

Mode (Volts-RMS) (Volts-RMS) Off

M 115 108

M 115 108 >100

M 120 112

M 120 112 >100

M 125 115

M 125 115 >100

M 130 118

M 130 118 >100

LM 135 120

M 135 120 >100

On

>100

>100

>100

>100

>100
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D. Experimental Validation of the

Critical Capacitance Range in Series Circuit

To verify that 1-10.5 uF capacitance range of values
actually cause ferroresonance in the typical series cir-
cuit configuration, values for capacitance 3.3, 15, 10,
15, and 18, were chosen for the following experiments with

IO’ my and m, values obtained from the B-H curve:

H
1

0.6504065 P.U.

0
m, = 1P.U.
m, = 0.0364241 P.U.

and the calculated values used
R =9.02 (0.002537 P.U.)

L

316 mH(0.0335069 P.U.)
The only capacitance values that caused ferroresonance were
between 5 to 15 uF.

To verify that the above capacitance values will, indeed,
cause ferroresonance in the typical series circuit configura-
tion, capacitance values within and outside this range were

chosen and the following experiments were conducted accord-

ingly:
Parameters First Second Third Fourth
R (Q) 1 9.02 9.02 9.02 9.02
L (mH) 316 316 316 316

C (wr) 5 10 15 18
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Experiment No. 1
9.020
316mH
3. 3pF

R

—
W oHnn

Cx

IUHRFAR AN AR AR

a1

Figure 96. Voltage across transformer (Vp) (variac output
between 35V-135 VRMS, voltage increments of 20
VRMS, C = 3.3 uUF, scale 50 V/division)

Figure 97. Voltage across transformer (Vg) (variac output
35 V.and 135 VvV RMS, C = 3.3 uF, scale 50 v/
division)
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R L C
xperiment No. 2: X
EXp $___ 7 YaAVAYA Y, | €
R =9.02 2 115V yariac V_, “
L = 316 mH ¥ v
Cx— 5 uF ©
Variac Voltage Voltage Voltage
Output Across Across Across
Voltage - Transformer Inductor Cap. Current
(Volts—RMS) (Volts—RMS) (Volts-RMS) (Volts—RMS) (A-RMS)
15 5.4 6.2 24 0.01
20 11.5 9.6 37.5 .0.04
25 18 12.6 47 0.07
30 24.5 15 66 0.1
35 31.5 17.8 75 0.115
40 38.2 20.3 84 0.135
45 44.5 23 92.5 0.15
F.R. Occurs
30 61 26.2 104.0 0.175
55 67 30.1 113 0.2
60 74 35 128 0.228
65 80 40 142 0.258
70 84 45 157 0.288
75 88 50 172.5 0.315
80 90 54 185 0.34
85 92.5 59 200 0.367
90 94.5 63.2 211 0.393
95 96.5 67.6 222 0.418
100 ' 97 71.8 235 0.442
105 97.5 75.2 243 0.462
110 99 79 260 0.482
115 100 82.5 270 0.503
120 100.1 86 280 0.52
125 100.15 89 290 0.54
130 100.2 92 300 0.558

135 100.2 95 310 0.578
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of Experiment No.
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Experiment No. 2

R=9.02Q
L = 316 mH
Cx= 5 uF

F/AVA\\\
'.'ﬂ :

Eh"\"'ﬁ%
NN

Figure 100. Voltage across transformer (Vp) (variac output
between 35V-135 V RMS, voltage increments of
20 V RMS, C = 5 uF, scale 50 V/division)

Figure 10l. Voltage across transformer (Vp) (variac output
35V and 135V RMS, C = 5 uF, scale 50 vV/division)
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Experiment No. 3
R=29.02 %
L = 316 mH
Cx=16.67 uF

Figure 102. Voltage across transformer (Vg) (variac output
between 35-135V RMS, voltage increments of
10V Rms, C = 6.67 uF, scale 100 V/division)

Figure 103. Voltage across transformer (Vq) (variac output
35V and 135 V RMS, C = 6.67 uF, scale 100 V/

division)
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Experiment No. 4

R = 9.02 Q
L = 316 mH
Cx= 7.5 uF

Figure 104. Voltage across transformer (V.) (variac output
between 35V-135V RMS, voltage increments of 10V

RMS, C = 7.5 yF, scale 100 V/division)

AT R o
seliaretls

Figure 105. Voltage across transformer (Vp) (variac output
35V and 135V RMS, C = 7.5 uF, scale 100 V/

division)
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Experiment No. 5

R=9.02 Q
L = 316 mH
CX= 8 uF

Figure 106. Voltage across tréﬁéféfﬁéf'(vf) (variac output
between 35V-135V RMS, voltage increments of
10V RMS, C = 8 uF, scale 100 Vv/division)

Figure 107. Voltage across transformer linear and non-
linear modes (variac output at critical
voltage 52.5V RMS, C = 8 uF, scale 100
V/division)
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Experiment No. 6:

R=29.02Q

L = 316 mH

C= 10 pF
Variac Voltage Voltage Voltage
Output Across Across Across
Voltage Transformer Inductor Cap. Current.
(Volts-RMS) (Volts-RMS  (Volts-RMS) (Volts-RMS) (A-RMS)
15 20.2 13.2 26 0.08
20 27.3 16 31.4 0.105
25 33.4 18 35.6 0.115
30 39 20.2 39.5 0.14
35 45 22.8 44 0.151
40 60 25.8 48.8 0.18
45 66 28 63 0.2
50 F.R. occurs 74 33.6 71 0.227
55 80.5 40.2 8l.1 0.27
58 120 202 347 1.258
60 120 205 351 1.2588
65 120 218 374 1.36
70 120.2 229 392 1.43
75 ) 123 ' 240 410 1.5
80 123.2 248 425 1.558
85 125 258 442 1.62
90 125.5 267 460 1.675
95 126 276 472 1.735
100 126.5 285 482 1.79
105 127 293 500 1.85
110 128 315 524 1.9
115 128.5 322 540 1.98
120 129 330 560 2.09
125 129.5 340 574 2.13
130 130 345 584 2.18

135 130 352 600 2.24
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Experiment No. 6

R=9.02 Q
L = 316 mH
Cx=10 uF

Figure 103. Voltage across transformer (Vgp) (variac output
between 35V-135V RMS, voltage increments of
10V RMS, C = 10 uF, scale 100 V/division)

22:;,. ﬁ9h~::f =
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BeeER e TR e

'Ju&?n‘

Figure 109. Voltage across transformer first and second modes
(variac output at critical voltage 60.5V RMS,
C = 10 uF, scale 100 v/éivision)



Figure 110.
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Transformer current linear and nonlinear
modes (variac output at critical voltage
60.5 VRMS, C = 10 uF, shunt 50 MV/A, scale
0.1 v/division)
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Experiment No. 6

R =19.022
L = 316mH
Cx = 10pF

Figure 1311. Voltage across transformer (V,,.) just before and
after loading transformer with R = 135 at F.R.
(scale 100 V/division, C = 10 uF)
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Voltage across transformer linear mode (up-
per), voltage across transformer nonlinear
mode (lower) (voltage period 20 MS/division,
C = 10 uF, scale 100 Vv/division)

(
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Voltage across transformer linear mode (up-
per), voltage across transformer nonlinear
mode (lower) (voltage period 50 MS/division,

C = 10 uFr)
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Experiment No. 7:

R=19.02%Q

L = 316 mH

Cx— 15 yF
Variac Voltage Voltage Voltage
Output Across Across Across
Voltage Transformer Inductor Cap. Current
(Volts-RMS) (Volts-RMS) (Volts—RMS) (Volts-RMS) (A=RMS)
15 16 11.4 15.2 0.06
20 21.3 18.9 18 0.09
25 26.5 20.5 20.5 0.1005
30 31.6 17.2 23 0.115
35 37 19.5 25.7 0.13
40 42 21.5 28.2 0.14
45 47 23.7 30.7 0.16
50 61 26 33.3 0.175
55 66 - 28.9 36.2" 0.2
60 72 32.1 40 0.22
65 76.5 36 43.9 0.241
70 80 40 48 0.268
75 84 44.4 62 0.297
80 89.9 61 ’ 70 0.336
85 93 72 78 0.39
90 99 90 96 0.493
95 F.R. occurs 106 122 127 0.673
96.5 147 830 884 5

100 154 850 1000 5.78



DO I T Pt

o B e

~|Frequency
onse.. ., .. ..

R=9.020(0.002537 P.u |t
L=3.6mH (0.0335069 P.U.

Je=15ur(20.1051 p.u.)y LR

ok s i bt

G T DS

e A8 bl

Q

ii?ﬁﬁg%fo Hz

oint

i
I

1%Stability
jpu \Y

1.00 2.00
(x10! ) -

~6.00 -5.00

-4.00 -3.00 -2.00 -1.00 9.00
X-CUOORDINHIE P.U.

Figure 114.

Stability and frequency response curves, for the series

circuit of Experiment No. 7
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Experiment No. 7

R =9.02 Q
L = 316 mH
Cx= 15 ufF

Figure 116. Voltage across transformer (Vg) (variac output
: 95V RMS, scale uncalibrated, calculated P-P VT’
2.7x100 = 270 v/division, C = 15 uF)

Figure 117. Voltage across transformer (V,) (variac output
96V RMS (critical), scale uncalibrated,
calculated P-P VT’ 2.7x100/division = 2133V RMS,
C = 15 pF)
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Experiment No. 7
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Voltage across transformer (Vrg)
between 15V-95.5V RMS,

20V RMS
lated P

Figure 113.
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Experiment No. 8

R =9.02Q
L = 316 mH
Cx= 16.67 uF

1;‘{:5-‘;'
Tinl

P

by
29
— T
e -
)

Voltage across transformer linear mode (up-
per), voltage across transformer nonlinear
mode (lower) (voltage period 20 MS/division,
C = 16.67 uF, scale uncalibrated)

Figure 120.

Figure 121. Voltage across transformer linear mode (up-
per), voltage across transformer nonlinear
mode (lower) (voltage period 50 MS/division,
C = 16.67 uF, scale uncalibrated)
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Experiment No. 9:

R=9.02Q
L = 316 mH
CX— 18 uF
Variac Voltage Voltage Voltage
Output Across Across Across
Voltage Transformer Inductor Cap. - Current
(Volts-RMS) (Volts—RMS) (Volts-RMS) (Volts-RMS) (A-RMS)
15 14 10.7 11.7 0.05
20 19.5 13 14 0.085
25 24 14.5 - 16 0.1
30 29 16.5 18 0.11
35 33.8 18 19.9 0.12
40 38.6 . 20 21.9 0.135
45 43 22 23.6 0.15
50 47.8 24 25.6 0.16
55 59.5 26 28 0.175
60 66 29 30.1° 0.2
65 70 32 33 0.217
70 75 35.2 36 0.235
75 78 38.2 38.5 0.257
80 82 42 42 0.282
85 87.5 47.5 46.8 0.312
90 90 54 52 0.351
95 93 62 58.5 0.402
100 .97 72 67 0.466
105 100 86 78 0.53
110 104 101.2 92 0.635
115 107 118 106 0.74
120 110 137.5 123.8 0.88
125 114 176 164 1.055
130 118 201 188 1.22
135 120 227 214 1.4

No Ferroresonance
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Experiment No. 9

R =29.02Q
L = 316 mH
C = 18 uF

Voltage across transformer (Vi) (variac output
between 15V-135V RMS, voltage increments of 10V
RMS, C = 18 uF, scale 100 V/division)

Figure 122.

FrA PP

gl

R EaR
R

.@gﬁﬁ L
@@E
el

e wqiga’%ss&.w¢

|

Figure 123. Transformer current (I,) (variac output at 135V
RMS, C = 25 uF, shunt 50 MV/A, scale 0.1 V/

division)



262

X. APPENDIX B: ANALYSIS OF METHODS USED TO

STUDY FERRORESONANCE

A. Piecewise Linearization Technigue

For the unloaded pi circuit, the equations are:

3T A . ,

RI + L%E + gE = E_sin(ut+$) (10.1)
Q

dr _ 1 _ *c

IE = Eflcdt = = (10.2)

A= b (Ip=a) + o (10.3)

I = IL + Ic (10.4)

Since

dIL dt dIL k
dar

. dx dt _ _ dr _ L

-+ 3E d—I—L— = b-,_ = Lk and gt = Lk d—t— (10.5)
and

a_ %

dt ¢

L ?fé:Q_c and iI_L=Q_C_

** “k dt c dt I, c
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- ar _ _
I= IL + Ic and C3E = Jcht = Qc
do dar
_ C L _ -
I = IL + I ch " fcht Qc
d2I dQ
cL -__1‘-'. = I _._S
k dt2 c dt
d?‘IL d3IL ar
I =I_ +clL, —s— cL, ———
L k dt2 k dt3 dt
dI1
dr L _ . .
RI + LEE + Lk T = Em51n(wt+g)
Q
dI c _ .
RI + LEE + = = Em51n(wt+¢)
CRI + LCQE + Q = E_C sin(wt+9)
dt o) m ’
Q = EC sin(wt+s¢) - CRI - LC SE (10.6)
c m dt
aT dIl
RI + LEE+ Lk Franie Em51n(wt+@)
a dIL _
R(IL+IC) + LE(IL-}'IC) + Lk - = Em51n(wt+@)
dIL dIc dIL
RIL+RIC + L'd—t—'— + L-dz—— + Lk dT = EmSln(th¢)
dIL dIc )
RIL+RIC + (L+Lk)EE_ + LEE— = Em51n(wt+¢)
a®1, ar, a1, .
RIL+R(CLk dt2 ) + (L+Lk)EE_ + L(CLk)gzg— = Em51n(mt+o)
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d3IL dZIL ar,
LCLk 3 + RCLk 5 + (L+Lk)F = EmSln(wt+q})
at dt
orxr
a3z RCL, &% L+L 4T RI E
3L *Ie < 2L + (LCLk)dtL + LCE = fop— Sinlwt+g)
at Ly gt % % k
(10.7)
characteristic equation:
L+L
3 R_2 Xk R _
m- + i—m + LCLkm+ LCLk =0

Roots may be found by the numerical analysis technique
called the secant method. However, since the last term is
less significant compared to the remaining terms, we will

neglect it to simplify the solution.

3 R_2 k_ _
m +i-m +LCL n= 0
k
L+L
2 R k, _
m(m +-ﬁm+ rgL—k—) =0
ml=0
L+L
__ R=1/R2_ k
M2,3 7 2L+2\/(E) *{ger)
=__§;/R2 —4(L+Lk)
2L 4L2 4(LCLk)
Ly

where Le q T
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and
o - - Rz R2 _ 1
2,3 2L 4L2 Leqc
2L Leqc 4L2
- - Rz .
m2'3 = -2—I" + Jv
ot - f%t
.o Icompl. = Ae + Be s1n(vt+62)
or
-_R
_ 2L .
Icompl. = A + Be 51n(vt+82)
E
m .
ICL, . ej‘*’(tJ’g
Iparticularl = 3 R 5 L+L
(+3jw) + f(]w) + E}z(—:‘(jw)
E
m
- B 3 (wt+o)
PL 3o R, gk,
L LLkC
) Em ej(wt+¢)
. 3 2 .
-Jw LCLk - CLka + 3(L+Lk)w
. _ Em e](wt+¢)
P _ 2 . _ 3
1 CLka + j[(L+Lk)w LCLkw ]
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—m
) w2 ej(wt+¢)
(L+Lk)
Em
LLsz ej(wt+¢)
= T+L
CR . k
-5t J[(EEEE) Cw]
) E : 1 oJ (wt+9d) :
2 CR . 1
Lhyw - ¢ J(Leqw Cw)
E 1 oJ (wt+o)
=B, [ T _ ¢
- Cw
LL, w 2 L w
k CR 1 2 -1 Teg
(_f) + (L = = Cw) -tan =R
eq I
1
- Cw
L w
1 /.tan T &9
. R .
_ _m [ L ]e‘\“j (wt+¢)
2 S——
LI, w (9_%)2 e T )2
eq
1.7 et
- 2 Z
LLkw
E

I - . m ej(wt+¢+61)

o) 2
1 LLkw Z
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Since the source function is sinusoidal:

E E
m . m .
I = ——— sin(wt+¢+8,) = ———= sin(wt+o+9,) (10.3)
o) LL wZZ 1 XXkZ 1
k
where
L lw - Cw
_ -1 "egq
61 = tan R
L
N _ LLk
eq ~ IL+L.
_ ! CR,2 1 2
Z2 = ; (—f) + (Le = Cw) (10.9)
¥ a
Solution:
I =1I+I
c
R
i En
Ik = A+Be sin(vt+82) + ————7—sin(wt+¢+81) (10.10)
LLkw A

1. Evaluating A, B, and 8, for the first segment

2

We need three relations:

a) Sett=0,I=1I

0
- . Em .
i I0 = A + B sin 62 + zz;;ﬁ; 51n(¢+el) (10.11)
since 4
I
Qc = CLk EEE
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_ R . B 2L
. Q= CLk[o+(-—2-—L—) (B) smn(vt+62)e +Be \)cos(vt+62)

E w

2
LLkw VA

cos(wt+¢+el)]

CL, RB —-2-1-;-1: -%t
Qc = ——7 51n(vt+62)e +CLkae cos(vt+62)

CE

m
+ o cos(wt+¢+el)]

CL, RB

. _ k .
N Qo = —>1 51n(82) + CLka c0562

CE

m
-+ fw—z COS(¢+el) (10.12)

The third relation is found by substituting the solu-

tion in the differential equation:

3 2

e Rr. TR e o st
at at Ly X
where R
-fft E
I_ = A + Be sin(vt+6,) + sin(wt+¢+6.)
L 2 . 2 1
LLkw Z

Il R 'z—it 'z_lr:ft

3T = 0 - ffBe SLn(vt+62) + Be vcos(vt+82)
Emw
+ > cos(wt+¢+el)

LLkw Z
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2 R R
d°1 2 -t -t
2L = +R 5 Be 2L sin(vt+62) -E%ﬁve 2L cos(vt+62)
dt 4L
R R
-t -t
R 2L 2 2L .
-EBe v cos(vt+62)- Bv©e s:.n(vt+82)
Emw2
- sin(wt+¢+el)
LLkw Z
3 R R
a’z 3 —x—t 2 — ==t
. L
3L - - R 3Be 2L 51n(vt+62) + égiBe cos(vt+92)
dt 8L 4L
R
+ 3RB\)2e-Eft sin(vt+6.) - B 3e—-‘i%tcos( t+g 4)
7% 2 v vETe )
Em@3
- ——— cos (wt+o+84)
LLkw YA

Substituting solution in the third order differential egua-

tion:
R R
3 -==t 2 -t
-R 3 Be 2L sin(vt+62) + EEEBe 2L cos(vt+82)
8L 4L
N _Be
+§§Bv2e 2L sin(vt+8,) = Bv3e L cos (vt+6,)
2L 2 2
Emw 3 R3 -%t
- — cos(wt+¢+el) + ——§Be sin(vt+92)
LL, w™2 4L, '

k
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2 - R _R
--R—B\)e 2L cos (vt+6.,) = = \)2e 2L sin(vt+6.,)
L2 2 L 2
E sz L+Lk 2L :
- B sin(vt+é+e.,) + RBe sin(vt+6.)
2 2 1 LL C 2
L7L,w"2
k
R,.
L+Lk -ﬁt L+Lk Emw
+ (iL_'E)Be VCOS (\)t+82) + (LL C) 5 cos(mt+¢+el)
k k~ LL,w"Z .
- m :
= _LLkC sin(wt+9)
This equation is evaluated at t=0:
3 2
5—3-B sin(sz) - R—-Z-Bv cos(ez) + %szsin 92
8L 41,
3 wEm EmR
-BX~ cos 62 - ii? cos(¢+el) - — s:.n(¢>+el)
1 ZL Lk
1 RB _. 1
- ——— = sin(8,) + ——=Bv cos &
Leqc 2L 2 Leqc 2
+ 1 Em cos (¢+8,) = —EE— sin(wt+d¢)
LeqC LLka 1 LLkC
cin [R3B L Re2 o L1 BB oo g3 R’8v , Bv
2 8L3 2L L qC 2L 2 4L2 Leqc
E w Em EmR
- 3 a
+ cos(9+8,) [ * Lo oClly 27 ) 7 sin(¢+¢,)

LLkZ 2L°L,
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E
__m .
il e sin(¢) (10.13)
k
3 2 ' 2
. R Rv R 3 R™v )
B sin 8, [ + - ] + Bcos §,[- v =-—x5+ ]
2 8L3 2L 2LeqCL 2 4L2 LeqC
-E Em EmR
+ cos(o+8)) [gr— + s—errozd ~ 7 sin(e+8,)
XK eq k ZLkL
Em
= =2 sin ¢
LLkC
3 2 2
. R Rv R 3 v R
B sin 9,1 + - ] + B cos 8, [=VT + ——-—= Bv]
2 8L3 2L 2LeqCL 2 LeqC 4L2
-EmszeqC+Em E R
+ cos(o+6,) [ ~]- — sin(¢+8,)
1 LLkZLequ ZLkLZ » 1
Ea
= — sin ¢
LLkC
3 2 2
. (s R V'R _ R _ R 3 v
B[szi.n(u2 3 5T 5T CL) cos 62(—2\)+\) - =) ]
8L eq 4L eq
Eﬂ —EmeCLeq+Em EmR
= ——— sinf - cos (¢+8,) [—= 1+ sin(¢+9,)
LLkC 1 LLkZLequ L2LkZ 1
-E wZCL +E E_R
Em ) m eq m m
T ¢ 51n¢-cos(¢+el) [LL 7L Co ] + LZL z s:.n(dﬂ-vl)
. o k ke X
B s R3 v2R R R2 3 v
: - - ) = cos 8,(—x5+V - —=%)
sin 62 (8L3 2L 2LeqCL 2 4L2 Leqc
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FProm equation 10.12:

-CL, R CE

_ k . m
Qy = —=7— sin 6,[B] + CL_ vcos &,[B] + Y cos(¢+8l)

-CL, R
Q0=TSln 62X

E -E wZCL +E E_R
m m

m . _ m eq
—LLkC sin¢ cos(¢+el) (LL ) + 5
3 vZR R R2 3 V) )

sin (9+6.)

ZLequ L1z 1 ]
sin GZ(R 3T T 3L T 3T CL) - cos 62(——2v+\) - I—¢
8L eq 4L eq

k

x [

+ CLk vCcos 62 X

E -E MZCLeq+Em EmR.
==——= sin ¢ = cos(o+6,) ( -) + sin(9+8,)
1" LT 70 Cw 12007 1 :

3 2 2
. R VR R 3 Vv
sin 6. ( - - ) = cos 6, (—=v+v~ - )
2 3 2L 2LeqCL 2 4L2 LeqC

or

3 2 2
. R VTR R R 3 v
Q02L[S.‘Ln 62 ( 3 =~ 3T T CL) —cosez(——zv+\) T C)]
eq 4L eq

2
-E -RE_w"CL__+E_R
- si m oy m’ ““eq 'm
sin 8,[R sin ¢ + cos(¢>+el){ L2T_o }

L
d
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E_R"C
m . . .
Lzz s:.n(qb+el)] + cos 82 [2\)Em sin ¢ cos(cp+el)
-ZvEmeCLeq+2Emv 2E_RCv
x{ T 1+ Tz s;n(¢+61)]
eq
2CE 3 2
m . R V R _ R
* gz cos(er8)) [sin 8,03 " om T 3 cn)
L eq
3
R 3 V
- cos 8, (=—sv+v )]
2 4L2 Leqc
Divide by cos 92:
3 2 2
R V'R R R 3 v
(Q,) (2L) [tan 98, ( - - ) (m—=v+v~ = —=) ]
0 2 8L3 2L 2LeqCL 4L2 LeqC
~RE_ -REmeCLeq+EmR
= tan 62[—-5— sin ¢ + cos(¢+el){ T }
eq
EmRZC . 2\)E_n
- 5 szn(¢+81)] + [ T sin ¢ = cos(¢+el)
L2
ZVEmeCLeq+2Eﬂv 2E_RCv ZCEm
{ ZLeqw b+ —y— sin(e+8)] + —5cos (¢+3,)
3 v2 2
R R R R 3 oY)
x [tan 8, ( - - ) = (m—=v+vT = —F) ]
2 8L3 2L 2LeqCL 4L2 Leqc
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3 2 2
R V'R R R 3 V
210 ( - - Ytan 6, - 2LQ. (—x SVFVT - )
0 8L3 2L 2LeqCL 2 0 4L Leqc
= tan 8. R (EmR'IEanCLeq)
2[ T sin ¢ - LZLeqw cos(¢+el)
EmR2C Em-vEmw2CLeq
- — sin(¢+8.)] + 2vE_ sin ¢ —( ycos (¢+8. )
LZZ 1 A m ZLeq 1
2CE 3 2
+ EEEEEX sin(¢+6,) + c m(R - YR _ R )
LZ 1 Lw2 8L3 2L ZLeqCL
2CEm R2 3
X COS(¢+61) tan 62 - TZ— (E—Z-\H'\) - 5T, qc) cos(¢+6 )
or
3 2
R vV R
210, ( - - ) tan 8
0 8L3 2L 2L qCL 2
2
-RE (ER_-RE_w“CL__)
m . m m eq
~ [ sing+ T o cos (¢+9,)
eq
2
E_R™C 2CE 3 2
m . m,R VTR R
- sin(¢+6,) Jtan 8§, = ——( - - )
LZZ 1 2 wa 8L3 2L 2LeqCL
X cos(¢+61) tan 62
2 2VvE_=-2VE wZCL
_ 3 v . _ m eq
= 2LQO(——7v+v - T C) + 2vEm sin ¢ —( A )

4L eq - eqm
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ZEmRCv 2CEm R2 3 v
x cos (9+6,) + ———=— sin(9+6.) + —F% (—5V+V~ + —x)
1 LZ 1 LwZ 4L2 LeqC
X cos(¢+el)
2 ' 2VE
219 (—-R vivs - Y ) + [—= sin ¢ -
0 4L2 Leqc L
2vEm—2vEmw2CL - 2EmRCv
= ( A -)cos(¢+el) + —7 sin(¢+el)]
eq
2CE 2
m LR 3 v
+ ——= (=—=V+V~ - ——=) cos(¢+8,)
wZ 4L2 Leqc 1
s.tan 62 = 3 .
. -RE
R vV R R m .
2LQ, ( - - )= [ sin 8
0 8L3 2L 2LeqCL L
(EmR—REmw2CL ) E R2C
+ S AA TR cos(¢+61)- > 31n(¢+61)]
eqg Lz
2CE 3 2
m,R VTR R
-1 ( - - ) cos(¢+8,) ]
wd 8L3 2L 2LeqCL 1

is known as well as A and B.

~
=
V)

2
Then, we substitute these values in the solution and

we get
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R
-2Lt Em
I. = A + Be sin(vt+6.) + ——— sin(wt+0¢+6,)
L 2 2 1
LLkw VA

Solution for the first piece of magnetization curve, name-

ly b, = L, = 1 and

1 1
I0 =0
%0 & :
I. = A + Be 2L sin(v+6,) + LU sin(wt+¢+9,)
L 2 2 1
LL,w Z
1
where
L.L
_ 1
a) Leq - L +L
Em
b) Io = 0 = A+B sin 92 + — Sln(¢+91)
LLlw Z :
CLlRB
c) QO =0= - 57— Sin 82 + CleB cos 62
CE

m
+ iw_z Ccos (6+¢l)
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ZvEm . 2vEm-2vEmw2CLeq
0+ T sin ¢ =( AT )cos(¢+61) +

d) + ZEchv 81n(¢+61) + —rEE(E—§v+v - )cos(¢+61)
L7 WE g, Leg®
tan 62 = =
2
-RE E R-RE _w CL
_ mo_. m eq ‘
0-{ T sin 8 + ( AR ) cos(¢+91)
eq
E_RZC 2CE_ .3 2
- —5— sin(¢+e )] - [ zm(R 3~ \Z)LR - 2L2 o) ¥
L°Z we  gg, eq

X cos(¢+el)]

2
E E -E w™CL E R
m . _ m “m eq i .
g Sin cos(¢>+el)(LL 7T Cw )+ > Sln(®+91)
1 1%"eqg L LkZ
e) B =

3 2 2

sin 6,3 - 328 - 55g) - cos 8, (& 2+\)3_Lv )
8L eg 4L eq

A guess 1s made as to the time t' the current function
crosses the limit I = A?, and the value of t in the above
equation corresponding to that value is found by solving

for t by using Newton-Raphson method in the following man-

ner:
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ar -2t
F(r) = gi(t) = 3z= = 0 + B(zpe °¥ sin(vt+s,)
—EiRt Emw
+ Be vcos (vt+6,) + ———— cos(wt+6,+0¢)
2 2 1
LLlw Z
a2—f(t')
At = ————— is known and t = t'+At
£(t")

Iterations are made until At+0 and the final value of
t is the solution of the above equation, i.e., the current

function crosses the limit I=A2 at time t. Since

I = IL + Ic
and
dZIL
Ic = CLk 3
dt
and
2 R R
I, g% e 2 i v , _ RB L ___
—-—dtz 7—41' > 57 © cos ( t+62)
R R
RBV ~2LC 2 it .
-~ 3 e cos(\)t+62) -Bve 51n(\)t+82)
Emwz
~ ———— sin(wt+9¢+0.)
LL, 0’z 1

k
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oo L "¢
_221: Em
= A+Be sin(vt+8.,) + ————— sin(wt+¢+6.)
2 o2 i 1
LLlUJ z
R R
2 -—=t -——t
R°B 25" _. .., _ RBV 2L -
+ CLk[ZZ e s:.n(\)t+62) > | cos(\)t+62)
- BBy e-zlz‘t cos(vt+6.,) - B\)2 Zit sin(vt+6.)
2L, 2 € 2
Emwz
- — sin (wt+¢+61)]
LL, w2
k
_'251.t B
.».I = A + Be sin(vt+8.,) + ———— sin(wt+¢+6,)
2 2 1
LL, w2
k
CLkRZB —Z—it CLkRB\) —%‘t
+ — sin(vt+8.) = ——— e cos (Vvt+6.)
4 2 2 2L 2
L
-3 — © cos(\)t+62) - CLka e s:Ln(\)'t+62)
CEm )
- i-z—' s:Ln(wt+¢+91)

Knowing the time tl at which the function IL crosses the

limiting value I, =24, it would be possible to evaluate

I at timet, of the first piece segment of the magnetization

1
curve as follows:
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R

“3Lt En
I =2A + Be sin(vt+9,) + ————— sin(wt+¢+06.)
2 2 1
LL.w Z
1
CLkRZB —%t CL,RBV - -Z—I;t
i - v
+ ——sz— e 51n(vt+62) 5T e cos ( t+62)
CL,RBY >t 2 ‘2_lit
- — - in(V
5T, e cos(Vt+62) CLle e sin( t+62)
CEm
- T sin (Lﬁt+¢+el)

Then Qc is evaluated for the next piece segment of the

magnetization curve:

CL,R Tit -%t
= — 1 vV
Qc 5T (B) 51n(vt+62) e +(CL1V)(B)e cos ( t+82)
CBm
+ o7 cos(wt+¢+el)

2. Evaluating A, B, and 82 for the second segment

Setting the limiting current I = IO'= A, and the
limiting Q = Q0 for the second piece of magnetization curve
b2 = L2, the procedure outlined will be repeated until the
time solution is plotted for all pieces of the magnetiza-

tion curve.
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B. G. W. Swift's Method

For unloaded pi circuit assume that the input to non-

linearity N is A.
Alt) = Am cos (wt+¢) + U cos wt u << Am (10.14)

where p is an incremental perturbation on A(t), ¢ is any
phase relationship between the main signal and the pertur-
bation.

Assume that the input by passing through the nonlineari-
ty N(km) is multiplied by a gain factor K(Am,¢) which is the
fundamental component transfer function gain that depends on
Am and ¢. In this case, K(km,¢)G(jw) + 1 = 0 will be the
characteristic equation, provided the solution harmonics
are filtered sufficiently by the G(jw) transfer function so
that the typical linear system stability criterion can be

used. Thus, the stability criterion is given by:

KA/0)G(Gw) = -1

or

-1

€3w) = ¥

where the intersection points of the LHS and RHS of this
equation are the critical points. To plot G(jw) and K(Km,¢)
on the same graph in order to find these critical points,

we must first solve for K(Am,¢). This is accomplished by
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using the diagram of Figure 8.

ALE) o N(%m') —

5

and I, = A(E)+4A(t).

(10.15)

5

Using Swift's model given by iL = A+4)A~, we find that:

iL =[Amcos(wt+¢)+u coswt] + 4[Amcos(wt+¢)+u coswt]5 (10.16)

= A_cos(wt+¢) +ucoswt
Om
X

+ 4[Aicosz(wt+¢)+2kmucoswtcos(wt+¢)+u2coszwt]2

o

X [Amcos(wt+¢)+ucoswt]
44, T 2 4
= *+4[Amcos (wt+¢)+4xmu2coszwtcos (wt+d) + u4cos wt

-~

+ 4A;uc053(wt+¢)coswt + ZUZA;COSZ(wt+¢)coszwt

+ 4Amu3cos3wtcos(wt+¢)[**]

*+4[A;coss(wt+¢) + 4Aiu2cos3(wt+¢)coszwt

+ u4kmcos4wtcos(wt+¢) +4A;ucos4(wt+¢)coswt

2 2.3

+ ZuZAicos3(wt+¢)cos wt + 4kmu cos3wtcosz(wt+¢)

+ ukécos4(wt+¢)coswt + 4A£u3cos3wtcosz(wt+¢) + uscosswt
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+ 4A;u2coszwtcos3(mt+¢) +2u3kicosz(wt+¢)cos3wt

+ 4kmu4cos4wtcos(wt+¢)]

A .
iL = *+4A;coss(wt+¢) +1ig;3u2cos3(wt+¢)coszw;\
3 4
74 4 R 4 4 )
+ 4u4kmcos wtcos (wt+p) + l6kmucos (wt+d) coswt
5 6
e I
2N\
+’§;§;;cos3(wt+¢)coszwt +'€E;;u3cos3wtcosz(dzzgp
7 8
o™ . P, S
T /
+/£;;;cos4(wt+¢)coswt.+16A;u3cos3wtcosz(wt:;T\
9 10
550 \
+ 4y cossmt-+{I;A;uzcoszwtcos3(wt+¢)
11 12
e

\rA
+/§;§;%cosz(wt+¢)cos3wt +16kmu4cos4wtcos(mt+¢)‘

Combine the following terms: 2, 5 and 10; 3 and 12; 7 and

4,6, 8 and 11.

As 401;u2cos3(mt+¢)coszwt

5
. . %
L i f&»mcos (wt+§2 +
-~ e — N\~ —

I i1

4 4 4 4
+ 33p Amcos wtcos(wtff} + 20Amucos (wt+¢)coi§§

T N N
IIX v
2.3 3 2 5 5
+ 40X cos~ wtcos” (wt+ + 4u~cos wt
G0A_u S ( !:9 \____(___/

v VI
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Using trigonometric identities and simplify.

Term I = 4Aicoss(wt+¢)

I = 4Ai[i%{lOcos(wt+¢)+5cos3(wt+¢)+cosS(wt+¢)}]
AS
I= f§[10cos(wt+¢)+Scos3(wt+¢)+cosS(mt+¢)]

Term II = 40A§u2cos3(wt+¢)coszmt

)}{l+c052wt}]

II = 40k£u2[%{3cos(wt+¢)+cos3(wt+¢ >
_ 3.2.3 3 1
= ZOAmp [Zcos(wt+¢)+Zcos(wt+¢)costh+Zc053(wt+¢)

+%cos3(wt+¢)coszwt]

IT =15K;u2cos(wt+¢) +15A;u2c052wtcos(wt+¢) + 5A2u2c053(wt+¢)

+ 5A£u2c053(wt+¢)cos2wt

3.2
15A"u p

> [cos3(wt+§)+cos(wt-¢)]
3 9 skiuz 6
+ SAmu cos3(wt+o) +————7?——[c055(wt+§)+cos(wt+¢)]

IT =15k;u2cos(mt+¢) +

35.3 2 15 3 ¢ 3

2 2 P
TT%HU cos (wt+¢) +'§Rmu cos(wt+§) + 2A =)

3
II = oM cosS(wt+5

+ 5u2A3cos3(wt+¢) + %§A3u2cos(wt-¢)
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Term IIXI =20u4lmcos4wtcos(mt+¢)

III = 20u A [ -+£c052wt'+%cos4wt]cos(wt+¢)

%§u4k cos(wt+¢)+10u A cosZwtcos(wt+¢)

Ll

+ §u4xmcos4mtcos(wt+¢)

2
III = %;u4k cos(wt+¢)+5u4k [cos3(wt+2)+cos(wt—¢)]
+ u4A [cos5(wt+9)+cos3(wt-%)]
IIT = 15 4A cos(mt+¢) + 5u4A cos3(wt+90 +5u4k cos (wt=9)
+ %u4km0055(wt+%) + %u4km0055(wt—%)

Term IV = ZOX;ucos4(wt+¢)coswt

Iv= ZOAiu[§+%c052(wt+¢)+%cos4(wt+¢)]coswt

= 15A pHCOSwt + 10X ucosZ(wt+¢)coswt + fx ucos4(wt+¢)coswt

10A4u
IV = %;x;ucoswt + 2m [cos3(wt+g§0+cos(wt+2é)]

+ %A;u[cosS(wﬁé§J+cos3(wt+é§)]
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IV = iik ucoswt + 52 ucos3(wt+—20 +52 ucos(mt+2¢)

+ k4ucos3(wt 4¢)

+ %A4uc055(wt

Term V = 40Aiu3cos3wtcosz(wt+¢)

VvV = 401;u3[%{3coswt+cos3wt}{l+cos§(wt+¢)}]
vV = Skiu3[3coswt+3cosz(wt+¢)coswt+cos3wt+cos3wtcosz(wt+¢)]
2.3 lsxé ’ 20, , -
vV = lskmu coswt + ———5——[cos3(wt+—§o+cos(wt+¢2)]
+ Skiu3(cos3wt + %Aiu3[c055(wt+%§)+cos(wt-2¢)]

Term VI = 4u5cosswt
= 4u [ {lOcoswt+5cos3wt+cosSmt}]

%ps[10coswt+5cos3mt+cosSwt]

VI = %USCOSmt + %pscos3wt+%u5c055wt
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Omitting terms in u2 or higher powers of u because
u <<Am and omitting terms in frequencies of 2w or greater

because G(s) is essentially low pass filter, we obtain:

5.5
Term I = 7Amcos(mt+¢)
Term II = 0
Term III= 0 ) :

Term IV = %;x;ucosmt + 5A$ucos(wt+2¢)

Term V =0

Term VI = 0

p iL = * + Term I + Term II + Term III + Term IV + Term V

+ Term VI
* = Amcos(wt+¢) + ucoswt

. 5.5
i = Amcos(mt+¢) + ucoswt + Exmcos(wt+¢)

15.4 4
+ Tfkmucosmt + Sxmucos(wt+2¢)

From the definition of the sinusoidal input Describing Func-

tion K(>\ml¢) :
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_ Fundamental of incremental output phasor

K()‘m'q)) Incremental input phasor
u+lél4u + 5A4ue32¢

K(A_,¢) = —=0 m

m’ u

_q 4 15,4 4,329 |
RK(Apr0) = 1+ 550 + S5hpe (10.17)
If

_ ,,15.4 L .4

A = l+—2->\~m and B = SAm

.~ K = A+BeJ??®
We would like to graph (-%)

Since K = A+Be32¢

."K-A = BeJ??

RK-A _ _j2¢

——B = e
. B _ _~320 _
.o ﬁ = e =M
KM-2AM = B
ko= 2
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and
1 M e"32¢ = 1
K B+AM  5.707320  p,peti2d
1 1 1 1 1
Z = — and |Z| = | — -
K B+Ae 129 K B+Ae 329 B+Ae+32¢
1 _ 1 le‘j2¢
K 'peaeti?®
Since i e32¢
B
i o320
. e i K_A 2
B+A(SEY) o AK-3
B
_ i
B2+AR-a2
B

K 32iag-a?
..B%4ak-2% = ke J2¢

B%-2% = —AK + KBe 729

82 a% = —g(a-pe J2%)

_£=A-Be—32¢= A __ _B 3% (10.18)

B 5222 22-a2  p2_p2
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XI. APPENDIX C: COMPUTER PROGRAMS

The following programs are implemented in FORTRAN IV

with version G, H, and WATFIV compilers:

1.

Program I
Analysis of pi-circuit for determining critical lambda

and inductance.

Program II -
Analysis of series circuit for determining critical

current and inductance.

Program III
Capacitance response of pi-circuit for determining

critical capacitance range .

Program IV
Capacitance response of series circuit for determining

critical capacitance range -

Program V

Gear package to solve pi-circuit differential egquation.



alalainlalalatalalntelnlalelinlninislalninialakalaisialalalatalnlaisialalataValaYalalalaNal ol

~
T ¢

Program I
ANALYSLS UF PI CIRCUIT
MAIN PRCGKRAM CALCULATES THE TNCREMENTAL DLESCRIBING FUNCTION
FCh A SINULSUIVAL INFUT,DLTERMINES Tht FREQUENCY KESPUNSE CHAKACTERIST-
ICS OF TFRE LINLAER PART UF THE SYSTEMWPLOTS THEM CN A CUMMCN GRRAPHS,

ANC FINLS OUT THE CKITICAL VALUES UF LAMUDA AT wiilCh FERRURESUNANCE
CCLURS

DEFINITIUN OF TERMYS S 1e DESCKRIVING FUNCTIUN
NLMOM=LESCRIBING FUNCILION uF THE INPUT AMPLITUDL .
PNLMUM=0E R LVATIVE UF NLMOM WITH RESPECT TU LAMEDA
AMPLITUDE »

LMON=INPUT SIGNAL AMPLITUDE TG NUN-LINEARITY,
LMUZ=VALUE CF LAMUDA AT THE KNEE UF Tric
NCN~LINEAKITY o

CCLMUM=DESCKRIBING FUNCTIUN CIRCLE CENTUER
CRLMOM=DESCKIBING FUNCIIUN CIRCLE RAUIUS.

M1=5LULPE GLF 1STe SECTIUN UF THE NUN=LINEARLIY.
M2=5LCPE OF THE 2NDes StCTION OF THE NON-LINCEAKLTY,
LMU=LAMEUA

. 2e TIKANSFER FUNCTIOUN

HOT)=TRANSFER FUNCTICNS
K¥AIXS¥XVO+A2%S k% [+oeco0eee oo ANEL¥RSHEN
H(S) = =——emmmeman - o m e o o e et ot e o e oo e —
U1l %S¥ 30+ 2%S ¥ klteanoosaososetdN+IXSKEN

NA=NUMBLER OF NUMERATUR CUEFFICIENT Ntl.
NB3=NUMBLK OUOF ODeNOMINATOUK CUEFFLICIENT Ntle
WN=FEEQUENCY NORMALIZING CUNSTANT .
CON=CONSTANT NMULTIRYING FACTUKR,

FRUGUENCY KESPONOLE PLOT FuR THE LINEAK PART [TkANaFok FUNCTILN G(S)

SUE=PRUEGHRAM CFRURLC=VETERMINE O FREWULLNCY
ChRAKACTEKRISTICS GIVEN ThL THRANSFER
CUNCTICN IN FACTORLD Gk ol YNLMTAL fUR™
REewUIKEL SuhLU TINLS~Onut ha oy LYF KRG

16¢



acH

ann

REAL CATALX(04 ) sDATALY(CY )

REAL LMDM{20) oU(04) 9V (E4) s bLNFHS yNPHASE(0G) s Ay tde INCK

KEAL CCLMOM(14) s CRLMDM(14) s SQUKV, MAb(ﬁQ)olNUUC'(&U)oLLNPHS
REAL ANLMOM(20) s ENLMEM(L14) oM

REAL MAGESQR o VIUKAT

INTECGEK ToJdosl emMmeNon1sKZoNTsNSoINVDEX s INVEY s INULL
CHARACTEKA*1 U CLENTEKkALIUS

CHRARACTER®*1YS TITLE
CRARACTEKR®20 XL ALy YL AN
CHARACTER%ZO DATLANG

ODIMENSIUN OMEGALLOUI v i () s FW(LUU) o NAME(L 5)

DATA 1uoll)/ ' REGYY/
CATA [u(2)/*UMuAY/
COvELEX B(LOU)IsLHLLIO0UV) W LUNJIG

REAC e XLAUL s YLAUL
KREAC(S+s 100Gy LNU=AVUINANML
REALC(Es1OLINF a o LNLGH ¢yNPLY 2y FOWEXL yFWUNC
1LDFwWFC .
NFWw=NFw+1

GG TU (200901001 1)LANLOGP
Nw={FWUNC=F WL XL )}Z0FuaPC+140
IF(MweGTe300) NW=10U
Fwall)=FalXL

DC € 1=2.Nw
Fu(l)=Fa(l=-1)+LFwPC

GC TG 11 -~

MNuw=FAULNCRUFWPC+1l eV
IEF(MWeGTe3V0) NW=100
DELEXF=1e0/0FwrC

vCc s I1=1eNw

Fw(l)=10eO%%Fwi XL

Fuacxb=atawc XL+OLELEAR

GC TU 11

HEAL(Ss LUZ¢INuwstFWwWll)sl=1sNw)
WhITL(OG,200)

wh1ITE (G100 )INAME

DC €1 I=1sNw

CNECA(L)=Fw(l)

LEF (N wetGol ) LMELACL )2l el sl UMLULACL
CONTINUL

PHOOHLZ» AMOURZs REGUHLZ o MG OHL 3 PIHASE o AMPL

LoMZoLMDZyRATLMD s GLMOD s FLMD o HLMU 9 ANGZ

z6¢



ne

[alal

g
G

14

IF(MPLY Zetuel)ul Tu 1&
CALL ZUFRQI(NN s CMEGA H D)

GC TL 1o

CALL FLYFRUINWICMEGASE LHIUATALX,DATALY)
WhITE(O 201 )ID(NFW)

DC 14 I=]1,Nw

Ra=KEAL(H(L1))

DATALX(Ll)=KEAL(K(I))

X=AIMAG(R(L1))

VDATALY(Ll)=AIMAG(IH(]1})

ANFLEXR2 %o ¢R*¥ 2

ATTEN =~10e6 O%ALLGLO (AMEL)
PFASE=Z360+57e295779CxATANZ2(X oK)
GPULY=(Xx*KEALALH( L) )-R*AL1MAG(UH(L)))/AMPL
ANFL=SGKT (AMPL)
F(IleEWa325) THEN UL
FHEORZ=PHASL
AMLUHL ANPL

FEEVOHI=REAL(H(T)) .

IMeEuhZ=AIMAG(E(T))

FRINTV,® ¢ 'PHOONLY o Sy CAMOOHZY ! Yy ' RiOUHLZY,
1 1L, IMOOHLY

‘.’.RXN'[.O 0'. —————— !.. 0.0 ______ 0.! C.l ______ ..
ll l.l ______ []

FRINT PHOGUHZ o AMec UL s RUEORZ s IMOUNZ
tLSE CU

ENL LF

WHITE (O s US)F WL ) DATTENSPIHASE s GPULY s AMi‘Loy i<y X

CALL OGRAPH(S9 s DATALXSCATALY 40410201 9De0plueteV —2eUsUsuuo—~10e0
i

S
IXLAE s YLAU»'DESCRIBING FUNCTIUN 1yt LkAPH ')

ulG TL 4v0u

FURNAT(LANL OA4G)

FLURMAT(OL L,y 31D aU)

FURNAT(IZ2/(ELUYelyadl 15e0))

FURNAT(LIRL /742X 2CHFRCLWUENCY ANALYSLI S PrUGRAM)
FORNAT( /712 X0 A0 e TAPSHATIEN(LU) sUX s JUNPHABE(DCG) s8R 1HORUUR CLELAY s 52K
19FMAGNTL TUDE o 1 BA s YHRLEAL PAKT 31 CA s wHIMALG PAKT)
F(.hN/\1(LlU.b|;.f‘l(;-bp‘OLl‘)oL)

N=14

INCEX=V

INDEY =V

INCLE =0

KEAL oML qM2y il

€6¢
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(@]

[aXaNala¥e

cn

el 1 =1,N

READ LMONM( 1) o TITLE

MNl=v

N2=0
PRINTs'LMOM(I)=0 LM ])

RATLMU=LMLDZZLMEM(L)
FRINTy *RATLMD=¢ RATL ML
CLMD=l~(RATLMU ) %*2
FRINT*GLMD=, GLMD
FLND=3URT(OGLMD)

FIKINT *FLMD=1oFLLML
FLMD=FIMUDXRATLML
FRINT s *1HLMD=¢HLMD
ANCZL=AKS IN(RATLM)
FRINTOCANGL=? 3 ANGYZ

DESCRIBING FUNCTIUN

- e > Sme s ot Ge W > e S -~ o —

NLvoMm(L)=((2
FRINT, *NLMDM

~

CALCULATICN GF INUUCTANCE

B e R

INLUCT (L )=L1/NL LM T)

FRINT 0 ¢ L TITLEy *INDULTANCE
FRINT,? o e Yy

e T e e T T T T T i e e e
FrINT.?* P W INVLCT (L)

CALCULAT JUN L NLYLM obtiklvAal lve PNLmuM(] )

¥lMl=w o)/ Zeldloue /) (L /7FLMU) R = (KATLMD )RS 2/(LMULZ) +

FRLMUM{l )=((4
)/LmMZ )

)
(RATLNMOD% ¥4

BTy *e2e LML) = 9N, VL)

762



[alaXeke!

oo (a1}

o0 ON

1
1

CALCULAILITUN GF ClhCLLE CENTEK AND KADIUS UF THE DESULRLIUVING FNed

(L)y+tLvoN( L) *ENCMLMC L) )/

CCLMum(] )=+
(( ) SHNLMOMOT ) *LMOM( ) *PNLMUM( L))

NeMOM(T)

* I
o
~-~Z
x

3
r\ 2

(

ChLMUuML )=(L Ao (T ) %rNCMONMUL) I ZC0INLMOM (T ) ) s x2) e e NLOM( T ) %
LNUN([)*PNLMUN(I))

FRINT, ¢
FIRINT,? VO CCENTER®,
¢, RADIUS
FIRINT,® St ¢
'.! ______ [}
FIKINT, ¢ CLCCLMEM( L), ¢ CRLMDMAL L)
FRINT,* .
FRINT, ¢
INCH=2%CRLMUM([)/3z,
INCRh==]% INCH
COL)=(CRLMDM(L ) =CCLMUM T ) ) # ITINCR

CO 233 J=1s21
K=J+1
UK )=U(J) +INCK
CONTINVE

CALCULATIUN ULEF TEE INCREMENTAL VESCKRISBING FUNCTIUN

rnTT
ITXT T
Pt e Pema g
2222
-t ]
* ® o e
- o o &

S L SLAMBUAS Lo ¢ ClieCLii?
[ ]

[

—{ P

[glir 4
cn

> J=14M
UKV EChL Al L) %% 2= (J () ¢ CCLMDML L) ) »% 2
FlOWURVeL T aU)TREN DU

Pb\[Nlo'l I\MLL‘I\:—'aLMLN(l).TIH L.

P IINT o Y

DulN1v'l(J) LUl u) et LA AN TPV DY A N I 1 P

halinty, e e e . ! ’ ¢ ¢

e e e e e * Y e e

G6¢
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C
C
15
C
C
C
C
17
C
C
1
1¢
14
10
C
C

NEGATIVE LuwJUkV IS CISCARVDED FUM THIS UAlA 561

———— = $r2 o B o Tt T B - e W S - - - s W~ G S o —

LLSE LU

CeSCnlBINU FUNCTIUN UuhAPH

e e . = — - - o e > - = —

LC 17 J=1+M
Ki=J+32
K2=33-J
UlK1)=U(K2)
VDATALX(KL1)=U(K1)
VIK1)=V(KZ)
V(K1)==13V(Kl)
UDATALY(K1)=V(KL1)
CUNTLNUE

FroINT, ¢ ¢y YL AL PAKRT 50

'y *MAGNITUDE *
¢ 0

FRINT ¢ 0 g0~ ’ ¢
O.I __________ [

L=€4

CC 18 u=1l,L
MAGSURZU(J) X2tV J) %%
MAGLI)I=HURTIMAGSUR)
VIURAT=Vv(J)/ZUL(J)
NPHASE(J )L BUtL e 2w ST TISEATAN(VTIURAT)
AZABS(PHOLEPL=NPHASE (J) )

o=Abo{mAacl{J)~-AMC Uit )

P T T———

o' LAAGINERY PART ¢,

¢, NPHASLE Y,

- -y 0 e . et - ——

96¢



[aXal

14

<l

PRINT sU(J) ! CaViJ)e® ty
¢t S NPHASE(J) 0! Py MAG(J)
COUNTINUE

LLAPHSENPHAGE (G)

FLNPHS=ENPHASE(SC)

LEAPHNOUMZe Gl s LLNPHE « AND e PHOOHZ o LT e HULNPHL ) THEN LU
DL 21 K=1,0L

IF {MAG(A) e GT e AMGLUHZ) THEN w0
N1=N1+1

IF(NloetUGCet4)THLN LU
INVEY=INDC Y+

ckdSe DL
END IF

L se oC
NzZz=N2+1
IF{NCoECat )T HFEN LU
INOL Z=1INDBEZ ¢+
LLOE Du
CNO L

N
1

ENL O LF
CUNT INULG:
LS ul
INOEX=1INVUEA+]
ENO OIF

IE CINDER dLUe 14 )THUN LU
PRINTst0u 2 POUINT TS CLT LF ANGLL LIMLT?
oL Tu 25

cl. Sk 0O
LiNO LF

Le6cC



IE (INVDEY st e l4) THEN LU
PRINT stV 114 PULNT 1S CLUSL TU THE GChl1GiIN®

PRINT G __ o
ELSE DO
END LF
C
C
LF(N]l esEW 04 e IR eN2eELeb 4 ) THEN LU
PRINT o' €0 14 PUINT I35 CUTSIDE VELCKTIWING FUNCTIUN',, Tl TLE
da® R B R
ELSE OC
END IF
C
C
IF IN1oNE 04 e ANDeNl e NLEeV)THEN DU
PkINT 46U HZ FULINT IS INSIOE ODESCRIGING FUNCTFON® ,TiTLL
P ENT 0 e e e e e e e e e e e e
ELSE OO
ENO L F .
C
C
25 Wh ITCIUCATLABsLIOLLL) ]
1000vu FORMAAT (' LAMUBLA® 4 13,¢5¢)
C
C
CALL UKAPHOS(EG4 yUATALKSLCATALY 30 10LJUATLAY)
C
C
FRINT,* '
FRhINT,?® N
FRINT,* ¢
FRINT, ¢ ‘
< CUNY INUE
C
C
LECINUDEY e el 3 ebitea INUE Lo EWdeldeUR el INODEY oL WeU e AND e INDL L sEwev
1 sANUV s INUDEXWaLLGela)) THEN OC
PRINT o0 ¢
PreINT o d
PEINT o CCNCLLSTONTY
HERINT o0 ¢

PRINT o000 HZ POINT 15 UGISIOVEL THE WUN=LINEAKITY healCiNed
PIINT o * THEREE Lhe FELROKEDLINANCE wiLlL LT CLCCUKS

TN ! '

DI INT B8 '

86¢



ne oo

[alg

¢ ce

[aXgl

LtL &k DU
PHRINT 3P CONCLUSION?
PRINT o _ ¢
PHRINT o060 HZ FLINT 1S INSLlub THE NON-LINBEAKLITY
PhINT* THEREFOKL FErRLCRESCNANCE wlLbL OCCUKS?®
LND IF

KREAC s XLABSYLADL

DL E5 J=1 4N

CATALX(J)=LMDM(J)

CATALY(J)=INCUCTI(J)

CUNT INUE
DC 111 [=15,17

READ sLMOM( 1) o INLLCT ()

CATALX(L )=0LMDM(1)

CATALY(L)=1INCUCT(1)

CUNT INUE
PRINT CGILAMDDAY 4 ¢ ", ¢ [NDUCTANCL: !
PRINT L LI N )
OC &7 u=1,13 '

FRINT LMOM(J) ! ¢, INDULT (J)

CUNTINUE

REGLIUNS !

CALL ORAFPH{ZOsDATALARWLATALY sU sl deUslUeusVelodedrsVeleuels
v )

IXLAE s YLAE » * INDUCTANCL §4 9 CRAPH 3

STCF
tND

66¢C
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NS oM e ]
((MY7 )0 10 (IYVIP (1Y HO &
((N)Y7--¥ )% (1 )A=CTI
> NSTI=M 3 D0
9 0L 09 (0*D3CAYS]
NIDI=(1IIH
Neo=(1140
((TYVODAWNSOPCIXTIIANI=N
MN*T=1 3 20
(N Y= _ (1)) (202¢9)2L 14N &
(W T=T(1)7) (T0Z¢0)a1sn
7 01 0N (0*n3eA) 4T
NADENM(QDZ4Q) QL INM
(AN— 4v+;z;\24unzqu
ANTEIN]DY T
Zs\.aw.owz I=(NYA
T+N=N
C L N (1*"1°1)41
NM/dZ7=(N)d
T+N=N
rer=17 © 0C
71107 ¢3) v
dN* 1=y T D0 ”
INANTLINDD 7
NW/{(dZ YOCNDD=(N)7
THN=N
1 21 09 (1*D3°1) 41
N®/tZ2=(nN)7
T+AN=AN
fe1=1 1 In
dzrt ~A~0~. Yavaw
. ZN¢TI=% 1 2JQ
2 N1 092 (0°NH3A°7N) 41
NIDENAG ANCZN (00T ¢35 ) Qv
nN=N
O=W
X AARIEOLNNNE A7 U NH YA (OBIZEMENCDI(OOTIHTS(O00TIH XITI4ADD
(0N TIVOIWO NIISNIANLO
(HOCY*yDIWI* MNINOYINXN7 BNT LANHANS

WMDY QaANOLIV 4 NI NIATDH NIHM
NOTAIDNNA MA4SNVYHL 40 SIMvd AMUYNIOVYIT NV v 3N
SALNAEWTY ONY VIVT) SOvIM=PH4IM7 INTLIOHANS

VIOV Y
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HOL)=F(L)/Z(Ww=P(K))
7 UR(L)=0H(L)=-1 su/7(n-F(K))
E DR{I)=(0e0sleu)*n(l)xuin(l)
RETURN
100 FCRNAT(ZI201E146404e2E150)
1U1l FCRMAT(ZI1sElOeUsELLeQ)
20V l-Ci'(NAT(//IbX.Z;oFThc Frid NORM CUNDSTANT =,
lelSellocltt o THE MULT CUNDTANT = sE1Betss 2H4d szl D6l )

201 FORNAT(//78 X 20RTHL INUMERATUR ZUkUbS ARL
L/7(E3Ce by ard tdet lcensldHo8r4h tdeElCeb))
202 FORNAT(/747TXe25RTHE DENUMINATCK 2enr0S ARC
lé‘((ﬁ CetsedH tdesElOed o208 04 tJeE16.8))
G

SUERULTINE FLYFKRU-KEADS LATA ANL CLMPUTLEYL
REAL ANC LMAGINAKY PAKTS UF THRANSFLK FUNCT LGN
WhHEN CLIVEN IN PCLYNCMIAL FLRMA
SUUBRULTINE PLYFRUICNWILMEGA hsLHeDATALXZDATALY)
CHARACTLER*20 XL AW
KEAL LATALX(D95)sCATALY(ESH)
CHARACTER®Z20 YLAB
DIMENSICN KL1(41)sCMEGALLI0U
CCVMFLEX H(lOuidsiHElu0) AL
ICUNyn sAAWDAAY UG o Cots
DC 1 I=1,41
1 K1(l1)=1-1
KEAC» XL.AB s YLAU

)
41)eAL41)sDUCEL)e3(41 ) CUNJIGsLHAPL A,

REACL{Es1V0)INAJNUswNCUN
REACCS, 1010 A(L1)el=]14NA)
REACC(ESLOL ) (1l )el=14Nis)
IF(MNASLTe2) GU TL Z

DC z [=2¢NA
A(TI)=A(1)xwNx%x(i~-1)

S VACI=-1)=FLOUAT(Ll~-1)»A(I])

S DC 4 l=coNJ
ECL)=C€CL)raNe%(1-1)

4 Dl l=-1)=FLUAT(1~1)%Li(1)
WRITE(L,200) wineClLN
weelLTL (e s c Ul ) CACT) sk (L)l =1 4 NA)
Wikl Tt (uycu)

T10¢
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Program II

ANALYSIoO USING ThHe osEhles CIRCULT
MAIN PRCGRAM CALCULATLES THE TNCREMENTAL DESCRIGING FUNCTION
FUlk A SINUSUIUAL INPUT  DETERMINEGS THE FREWUENCY KEoHUNSE CHARALTewIST-
ICS UF THE LINEAER PART UfF THE SYSTEMsPLUTYS THEM G A CUOMMUIN GRAPH,
AND FIRUD UUT ThE CKRITICAL VALUES UF CUKRENT AT wHICH FEhrukb SUNANCE
UCCURS o

DEFINITIuin UF TerMmse le DESCkIuING FUNCTLIUN
—————————————————— NOKTH=DESCRIBING FUNCTIUN uF Teiz INPJUT AMPL I TUOL o
PNCTM=0LrRIVATIVE UF NOKRTHA al T KLESPECT 10 CURRENT
AMPLITUDLDL
CRIMSINPUT SIGNAL AMIPLITUDE Tiu INON-LINCAKLITY
ChTZ=VALUL CF CURKENT AT Tt KNEE Jb+ Thi
NCN=-LINEAKITY o
CCCRTM=ULLSCRIUING FUNCTIUN ClihlCuLe CENT LK.
CRCRTM=0E SCkIAING FUNCTIUN ClikilLe ®ADlIuu
MI=GSLUMPE Ul 1STe LECTIUN GF THL NUN-LINcEAKLITY S
MZ2=5LCPeE GUF THE 2iNuve SECTIULN UF THE NUN—LINEAKLITY .
CRT=CUKKkiZNT

e THRANOGFuoKK FUNCTIlunN

MS)=THKANSEEKR FUNCTIGNS
KRALFSH* R tALES¥ Xl tessoeosoeedNELxH%REN
H{5) = —=c st e et e e mm =
SRR JVE JEICE SCE X 3 I S S e S ST LR S L S 3|

NA=SNJIMG e ufF NUMERATUKR Cublrt- T CibnwT N+l
NU=NUMBER L OENCMINATULR CUerkR 1l CLleEnT N4l
aNEERLEUENCY NURMALTZ ING CUNOTANT o
CUNZCUNSTANT MULTILIHYING FALTUR

FREGUENCY nEODSPUNDE HLUT rue Tl L INCAK Al TikaNnLF Lk PuineTIEN (S )

Sub=PhkCuobAd Chhurt=vn oINS FrEwUenNCY
ChARKACTERLOLOTICS wIveNy Tk Ticanst i
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KEAL CATALA(OG) o DATALY (04 ) s PHOUHLZ s AMLINILy i OUBIL o MOy PIIASLE » AMPL
REAL CHRTM(20) sultda) oVIEa) s HLNPHS I NPHASE(04) s Ay U INCR o

REAL CCURTM(2U) s CRCRTMEZ0 ) » SUURVIMAGLLS ) o TNUDUCT (20) s LLNPHS .
REAL NCWTME20) oPNCRTIMM(Z20U) oMYl g M2 g CT Zoa ATCHT s LU T Ui T o HIUR T s ANGZ
REAL MAGSUR s VIUKRAT ) B

INTECGEN JodosloMmaNsKRLIgKZoNLoNZ o INODLA INDEY y INULLZ

CHAKACT k%10 CeNTERKRACIUS

CHARACTEK*1S TILITLE ,

CHARALTERR20 AL A3y YL AL

CHEARACTE R %20 LATLAU

DIMENSICN UMEGACLUU) »IU(2) bW (100) yNAME(L 3)
VATA 1L/ *Friuty/

CATA Jo(2)/'uMueat/

CUMFLEX H(1JU0)sLHE10U)»CUNJG

REAL o XLAUD s YLAG
KEAL(S»100sENLU=4 U )NAML

REAC(CS o LUl )INFW s LNL OGP o NPLY Zo FWEXL s FWUNGC o
luEWwFC

NFA=NFw+1 .
QU TU (296910911 ) s NLGH

0¢

MNa=(FWUNC=FUWLAL)/DFaPCélau
IF(NY eGTe3UUV) NU=10UV
Fw(l)=FwtxlL

DL € 1=2¢Nw
Fwll)=Fuw(l=-1)+uFurC

ol 11U 11
NW=FWUNCrUFWPCHL WU
IF(NWwWeLTeUU) Na=1l0U
DELEXP=1 4070 4P C

OC 9 1=1oNw
Fall)=10e0%%l vz XL

FRAEXL=F wL AL+UELEXP

ol 71C 11

REACLECS 10Nyt (L)al=140w)
whlTE(Le2UV)

Wikl Tee (e v 1 uw YA,

DC 21 1-14vn
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AlL)=tw(l)
Fwetidel ) CMLUVA(]L)=GL2U3L1US3%UMEGA(L )
INUL
PLYZeEuel oL TU 12
LIWUFRU(NWoLMEGA o y0H )
13
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o
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’
(L))
=REAL(KL(T))
H(l))
)y=AIMAL(H(1))
2k ¥+ 2
ATT “lue URALLGLO(AMML)
PHASL=57e29Y9779S4ATANZ2 (X))
GPOLY=( AAKEAL (UH(T ) )=H2rALMAG(OH(L ) ) ) /7AMPL
ANBL=SUKRT (ANMPL)
IF{1leEwe35) THEN DU
FRHCORZ=PHASE
ANEUNWZ=AMPL
RLeonsZ=iktAL(H( L))
1MEVURL=ATAAGII(]1))
FRINT,o® o " ROUHLY ! . t b AMOUIILY 4 0 e thiELuhdt,
1 UL RURSYV ISP
FrINT,¢ LI 0, I 00 ', .
1 0, 77 memeee- 0T e
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FrlinT s e utie s GO sk GO £ g L MO U1
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1Y, ludoc()o\)'l\)o\)'l eUs=1lUJVe slUes=DUe
LALAEsYLAUs DL DCHIDING FUNCTI

Pyt uikAPIH HIL)

\':C Tu 4w

JU FLENAT(LAsLlSAG)

vl ‘LRNA‘(JIl'uleOU,

VZ FCRNMAT(IZ/Z{t18eUr 4 lDav))

J U FLMNA1(1H1 /74 2A: 20 M EEUOLNLY ANALYSEDS couirA 4)

UL FUIRWAT(/ZZ e AeAGa? X oot ATTUAN(LE) vOA T OPIIALE (Ot u) X el litonuut? OLILAY g oaAy
LOFMAGNL T o) 3y a0 2 avin Ty Y ury sitl e 12242 1)

S0¢



ann

[aXaleXalal

lataXalalaXe

~

&

co
C N

I N T

sM2yCix T L

DC <0 I=1N

HEADsCRTM( L) TITLLE

Nl =vu

Ne=0

FRINT s CCHRTIMOL)="3CKTIN(T)
RATCHT=CrTZ/CxTM(L)
FRINT "RATCHT =0 G RATCRT
CChRTI=1 - (RKATCT ) %2
FRINT'OGURT=9 4 GCUKRT
FCHT-OUWRT{GCKT)

FRINT VW CRT = 41 CRT
FCRT=FCRT*KATCKHT
FRINT *HOKT =0 g HURT
ANGL=AKSIN(KATCIT)
FIRINTs*ANGL=Y s ANGL

DESCRIUVING FUNCTIUN

. e St e e S s e s T e S 4 o= =

NCRTW(I
.

ME)/3 el 4l1HBI927)%(ANGLZHHCKRT) £M2)
FRINT, (i) |

)
N i

CALCULATILN L INDUCTANCL

INCUCT(T )=NCKhTm(L)

FRINT, ¢ e T hlic e LivOUCLTANCL Y

FiddNT, 0 L
q

FININT o CelNoLLT L T)
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CALLULATIUN CF NCKRTM OErIVATIVE PNUCRTACL )

EFNCKTM(L)

= ﬂl'Mcl)/J-l‘Oli‘)‘:;;?)*( Ll7FCKRT)I* (- (AT UT )34 /7(CinT 2 )+
(KATCRT % %4

{
) Z))

\A

FRINT "PNCHRTMOT) =0 9FNCRTM( L)

CALCULATION OUF CIRCLE CLNTErR AND AUl UF THE VESCKRILVING FiNel

e T e e

CCChTM{1 )=+ (2NCKRTM(L)+CRTIMUT)XPNCIKTM(L) )/
COCCNCRTME L) )22 ) ¥242%NCHTMOL) *CKTMOL ) P nNCTM( 1))
CRCHIMLID)I=LCRTMOL)I¥ENCHRIMOL) ) ZCCUNCRTM(T ) ) %% 2) %2 2% HCKRTM( L) %
ChTINM(L)*PNCKIM(L)I®(~1)
FisINT, * '
FroINT,® LV CI.NTER ¢
Yt kADIUD
FlelNT, 0 e ‘e
". ______ [}
FIKINT, ¢ C L CChRIMOTL) e ChT (L)

INCHhH=2%CCHRIM{T )/
InNCroz==1%INCh
LEL)=(CRCRTMA(T I -CCCHRTMOL))+ENCH

LCO oo J=1ly2l
K=J+1}
ik =yl )t bt
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CALCULAT TutN OGF TrEb INCHENMENTAL OESCHIBING FUNCT LunN:

FRINT,* s

FRINT, ¢ '

FRINT,* ¢y PLURRENT ¢ 1, ¢ IRCLE?

FRINT,* R PP '
=Z22

CU 1Y JU=i.M
SUUKVEORCKTMEI ) ¥ %x2= (UL J)I+CCORTM(L) ) *x2
IF(SUWURVeLTO)THEN DU

PRINT *CUKKLNT =Y CRIN(L),TlILE
.

PRINT o ¥
PRINT Ul J)I=* U J),? 3 P HUUKVE 3 HUKY
PRINT 0 o e e e LI t,

NEGATLIVL SuJhV 1L LIsCAKVDLEY FRUA THL S oAaTaA 56T
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CLESCHRIBING FUNCTLICN wicARPK

—— - —— - V" —— = om i -

CU 17 U=1sM
Kl=J+32
KR2=35-J
U(K1)=U(K2)
DATALX(h1)ZU(KL)
VIKL)=viIng)
VIRl )==1xv(Kl)
LATALY(RDL)==VIK])
CLiNT TN
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FRINT, Cy 'R AL PARTY , 0

: * s CNPHALE,

* s "MAGNI TUDE?
4 L]

FRlNTl. ... _________ | ] ." ______________
l.l ______ l.
l.l ________ 1]
L=¢4
CO 1b U=1,L
MALSUKR=U(JI) ¥ 22tV (J) k%2
MAG(J)=5URT{MALGSUR)
VIUKAT=V(J)/Z7UlJ)
NPHASE( J) =1 30457 02957795 %ATAN(VTUKRAT)
A=AUS(FHOUHZ=NPHALBE (J))

3=ABS(MAG(J)=-AMEONL)

LF(Asb soVUol s ANLelisl.Eoa0OeLULl)THEN LU

PrINT,? ’
PrINT N
PRINT ¢
PRINT P CRITICAL CURRENT=* yCikTM(])
PRINT 0 Y o e o !
PRINT,? ’
PRINT '
Pick INT ® .
PRINTyulJd)e? CaVIiJ)e!
o VP oNPHASLE(J) o * ,MAGLY)
INLDELY=INDL Y-
G TO 2%
ELSE Do
END It
PRINT U (J) ! Cav(ude?
' CaMNIEALLE (D) 9! Yamanu i d)
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LULNPHSENPHASE(Y)
FLAPHS=NPHASE(5C)

IF(PHOUOMHZe U] o LLNPHS e AND o« PHOURNZ oL T o HLNPHS ) THEN
D0 21 K=1,L

IF(MMAG(RK ) euT e AMOUHZ ) THEN DU
Nl=Nl+1

IF{NLeEGeEQ)THEN Du
INDeY=INDEY+HL
tLSE VO
ENO IF

ELSE vl
NZ=N2+ 1

IF(NCeEQe€Cd4)TEEN DU
INDEZL=INCE Z+)
Lot U0
N 1P

NV IF
CUNT InNUE

CELSE DO

INOLXA=TNOEX+]
END LK

IF(INVEX e tue 1D)THLN WU
PEINT 6V MZ +UINT 15 CUT U ANngLuw LLIwiT?
LU TU 25

ELSL w0
END IF

LE CINUBEY oie 1D ) THEin DU
PinINTs?ou 112 2Oliel |5 CLUst TU Ttk Orlalone
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IF(NleEWebL4eUR eNcebUeod ) IHLIN VU
PRINY »* 60 12 PUINT IS GLUTSIVE DLESCRIGING FUNCTIUN® o TITLE
PRINT
ELSc 0U
END IF

IF{N] oNC eG4 e ANDeN1 eNE« O ) THEN DU
PRINT 9000 HZ PUINT IS INSILIUOE LLSCRIAING FUNCTLIUN® 3T Tor

TLAvs 100UV I
CURRENT sl cyt5 )
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PRINT ¢ ¢
PicINT ¢ '
PIRINT s " CUNCLUSIUNS®
PRINT ¢

PRINF 20U N4 PUINT 1o CUulaliobt THL NUN—=CINEARITY ntuluNae?
PR INT o ¢ THEREF el FoikicORESBUNANCE wlith NOT CCCUKe!?

PrINT o0 '
PR INT,* ¢
ELSL ol
PIINT g s CUNGLUSTUNS
PiINT o ¢ \

PRINT'00 HZ PUIART 19 Inoloc Tk NUN~LINc AR LT Y o vilive !
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201 FCRNAT(//748BKe23HTHE NUMLERATULR ZEKUS Ak
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202 FCRNAT(//747TXs20HThL UENCMINATCOCKR ZERCS ARC
1//7(E3Se 0y aid tJelzlC etds 2L e84 tdsktlbets))
END

SUERUUTINE PLYFRU~KEAODS LATA ANL CUMPUTLES
REAL ANC IMAGLINARY PARTS UF THANSFEK FUNCTIUN
WHEN GIVEN IN PCLYNUAMLAL FULRM
SUBAOLTINE PLYFRUINA s CMEGASHh yLHIDATALXSCATALY)
CHARACTER %20 XLAUY
REAL CATALX (YD) LATALY(55)
CRARACTEKR®20 YLAU
DIMENSICN KL1(41)sCGMEUGA(LUO)
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IF(NALLUGL) WL TU o
DL &€ KR=1sM
L=NA=K
AA=AARWHA (L)

5 VAA=LAA%XWH+OA(L)

6 AA=SCLN%AA
VDAA=CLIN*UAA
BE=E(NJ)
DEB=(Ce LoV V)
DC 7 wk=1sN
L==NE-K
BE=EUxwtU (L)

/ Cct=CLEkuvrw+DU(L)
H(Il)=AA/bUY
c OF(1)=(0eUsleV )2 (LLEIOAA-AARLCUL)/(DUXDLD)
KETURN
10C FOURNMAT(Z2IZ20L14600s2L1De0)
101 FCRMAT(L1IB.OsEL1EGQ)
200 FCRNAT(/710Rxv2sbTHE FREG NURM CUNSTANT=,
lE1S8 ol » Tht MULT CLNDTANTY =,
LIS ettt Jplll ety
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SA/Z740 X0 c THTHL LALKATUR PLLY RN

P T N MIAL 1S
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Program III

AHALYS TS ur PL CICuULT
MALN FRCGRAM CALCULATES Thrt INCREMENTAL VDELCRIUVING - FUNCT LUN
FORK A SINULSUOIDAL INPUT,
PRUGRAM UTERMINED The MAGNITUVE OF THE THRANSFER FUNCTIUN AS A FUNCTION
UF THE LINEAR CAPACITANCCL e TriE KEAL ANV THE IMAGINCRY PARTS UF Thke
ITRANSFER FUNCTION ARE THLN FLUTTEU AND THE PLUT 15 USEV TU velexkALNE
THE CKITICAL VALUES UF CARPACITANCE TUO PLACE THE SYSTEM IN Fihe

DEFINITILN GF TEKMS: . lae DesCklinGg FUNCTILIUN

NLMOM=0ESUK LUING FUNCT IGN GF THE INPJUT AWPL ITUDE .

PALMOM=ZOERITIVATIVE OF NLMOM WITH RESPECT TL LAMEUA

AMBLITUDLE

LMDM=INPUT SIGNAL AMPLITUOL TU NON=LINEAR]ITY.,.

LMDZ=vALUE CF LAMBLA AT THE KNEE UF THL

NCN=-LINCAKLIY

CCLMOM=DESCRIVBING FUNCTIUN CIAGLE CENTLER.

CRUMUM=DESCRIBING FUNCTIUN CIRCLE &ADIUS.,

Ml=5Lure UF 15Te SeCTIUN UF THE NuiN=-clivkAk
1

I1Y .
M2=SLLFE CF THLI 2NUDe SECTIUN UF THZ NON-LINEAKITY.

ce TIKANODFLIR FUNCTILIURN

LML=LAMJLA
DEFINITICN uF TERMSS

—— A ——— > e e ————

L= LINLAR INCUCTANCE

k= RELSLISTANCE

C= CARACITANCL IN PLK UNIT
Cl=CAPACITANCC

WEe(G)= 451

TAAL(GY=+52

LULATIUN Lo

——— e =t - o m- v
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conc

RUEGIRLO)=( (L= kR ) *C(J)=(L%%

1t 4

IMGOGIR oL oC)=(=Rr/ZU{R*%2 )% (Cxx2) (1 -L%C ) ¥%kz))

REAL

CATALX (04 -r>u>~<n0$~otitbm AMPL o NPHASLE(ES )
REAL PZCK~NO~.C~P&-<»P¢V.~7
REAL CCLMODM(14)+CK KtzﬁnkyomCCT< MAG(ct4)
REAL NLMDML 20) o FRNLNL Mil4) s M1, N oLMDZyRATL MO sl MUy FL MU 1L MDD ANULL
KEAL NMAGSQR «VTUKAT )
INTEGEK ToJoeMalNenl yKZoeN1sine

CHARACTER*10 CENTERNskALIUS
CRFARACTERY20 ALAUYLAWG

CHALRACTEKR20 DATLAL
Falobl 9020 C (LU CLI(DU)
CRARACTENRR®27 TITLE

REAL

KEAC, TITLE

REAC o XLAU YL AY

REAC o b

KEAL »L

PRINT

PrlIdhNT,*

PRINT ¢

PRINT,*

PIRINT

PRINT

PRINT 4 N

PRINT '

DC 444 J=1s5v
e AL C(J) )
Cl(u)=C(J)*Cel40
Sl=({l~(Rren2)4+CH

1 (l=-L2C(J) )%
n>~>»X~L-nu~
Sezl{=h/7((nx2)a{C
_.“\’q\.ua.a,‘vu.,tﬁ

CLANT INUE

o C

-
-
-t
-
-t
r
m

8y " RESTOSTANCE=®
(]
’

o e e Ot . - ——— e Wt 0 S e b " PaS Ao G s T o e o

INDUCTANCL =4 L

To s =~
- | v

-~

(UI%x 2)+(1=-LeC(J))Rn%z))

ZIRCCIIIZLCRBA2 )R (L (D) r%cd+{l-L %L )% %

L %2)%C ) ) /L he®2) % (ClY)s32)+

2))

LTE



318

-
N
.
S~
ew
- ..

(1YATV]IVO S,

* —

(TN =TV ROp TN, 8 PNy
(PRI ME7ANVI St 2 7RG T T /¢ TW—IWYEPYIYI= AT IWONTIN

WORTIN 47 NDTLYIND v

(AWMLY MINTCYY =7 INY

CONTH® y =AW TH S EMNT MY
IR T AL 141 e BEL N AP Re B

CONT S =0T 4 CINT YA
(OWIADN) LUNS=CA Y

ANTOS g =Ny *IMTMHA
PAE(ONTNIYMH )=T=0ATD
ONTLYM g =ORLY M CENT M
(IYWAWII/ZZO0WI=0RW L v

’ s CINTHA

(TINOWTI® »=(TIWOW TS * INTMHIS
AALTL{ T YNOWTI Ay Y

N¢T=1 02 20
ZOWTNCZWE TN OV IN

y1=N
TAIMYEINAMT ¢ {SANTWYA AYODTLTIMD ¢AVTIACAYIXNCO® T -~ 1
PebTONINSNTIOGTOZNTIQOSRATIVIYAIXIVIVACNG)HAYD TV D
’ e INT M

ANNT INDD

S (TIXTIVIVOS, s C(I) IO ENT Y
oG ¢YI=1 =35 20
________ ’ 1 INTMd
' S S, el

A » % ) s SINMI VS
2 ZHOOGOAYIWT 4 ¢ » o1

¢y e aHdr ML LTYD L0, s *LNTXNA
' s Y INT M

’ s LN M

- SRR EULS AV LY IR

(VNS B



319

ACNTINID
MNP rIN (MY N
1T+ =M
12¢1=r €77 N3
HMANTAH(E ) ORI (T )IaETI))=(1 )"
MIMNT &L ~=MINT
PT/OCTIWNONTDI=(IIWNONTIID) = LY RAORTIYDI+ (T IAMKWTIDID)Y Y =MINT

i

’ s CLNT M
' ..p7—.¢
(TIWOWTIMOY, v (IYRONTID DG, e P LNT M A
' ..nxauu.x.!..u
. NI e CINTES
» SN ~O<l.
..IuhZUQ.-. e CINTHA
' s YINTINMS
. YWONTINdAx (T INONT
FUTIWOWINED S P2 (TAK(CTIWAOWTINI Y)Y Z(C (T INCONINAR( T ANTIY=CT IWNOWTIHND)

CUTIWORTINCERCTIWOR IR (T INON INK 2424 (e ( (T INAWTIND) ) )
ZCCTIWOAWINAX (T IWAWI+ (TIWORINEZ)I+=( TYWAOWTD)D

CONMY ONTATHDSAC AL 4N SNTAYH ANY HIEINID A0 4T 40 NOTIVINDIVY)
(TYNONTINAS 3= (TINOWTINde *INT MY

((ZO0WTIZ(H%xxQWIL V™M)
(700NN /744 (ORTLVYH) = 1R ( ORI/ TIR(226GST LT T /(2ZR=-TWIxH))=( 1IROWTING

SCTYWOWANA FATLVATHAO AOWIN A0 NOT IVINDIAV)

o1
o 1

1

~

)

LY VU

U UV

Ve o ow U

[(CRASAU RS RS ]



[ Sdiiat o

o

(aX gl laXaXalal

cCronn

CALCULATIUN CH TEL INCKRENMENTAL VDEOSCRIJING FUNCTluNg

- e e - — S W W - —— Y —_—— - — T P A o e W= - . W v 4 - . - — ——— - we o — -

Fiodivls? '

FhlinNlgy® ¢

Fix INT, ¢ VL LAMUOAY s It ClxCLE®

FRINT L .
N=l2

CC 15 J=1,M
SGURVECKRLMUOMO L) % %2= (UL J) +CCLMOM( L)) %%g

IF{SQURVLTU)ITHFEN Ul

L]

PRINT,?

PRINT,? ¢

PRINTy *LAMECA=*yLHALMC T ) TITLE

PR INT 0 o e e e e e e, J

PRINT»'U(JI= L J) ! fy Y LUURVE y HuUKRY
PH1N1.' _____________________ ... ...

NLOATIVE SuUkV 1S CISCAKDEDL FRUM THLIS VATA LLET

————— - 3 — o S " s —— e e Wy = Tt oy —— — " 4mn —— s —— - h= o T e o e o — nt

CLESCRIBING FUNCTIUN GrRAPH

oce



©
o

[ I 1
Z<1 >N | (de=
s ~l<~CCNR =

17

2N C<C<cTCZ*Fe—
—C DA AN
e ZHAXX=Z U1

DD GG C

> <X C

Fh L PART?Y 0 ¢yt lMAAGINERY PART Y,
Lo Co ENPHASE
1 ' L, WAGN]I TUCE *

FRINT,?* L L LI LI

CC 13 J=1,N1
MAGOSUKRTZU(J) #2224V (U) 2 %2
MAUV(J)=SURTIMALSUR)
VIUKAT=V(J)/7u(J)
NPHASL(J)I=L180+0 7629 Sl 79 S2ATAN(VTIURAT)
PHRINT sul(J)s? faVid)e! .
1 U P aNPHALE (U)o CyMAGL(Y)

14 o CUNTINUE

-~
25 W ITL(DATLAGs1UGULO) ]
1CU0v FURMAT(CLAMOLA s 1ot )
CALL UKRAPHS(E4CATALIX yUATALY sUslUDILATLAL)
20 CCNT INGE
STCF
ENL
PENT Y

1Z¢



e ol N o o N o N N ¥ W WV N o VoY oY ol a¥e Yol aYalal o N ot ool ataYo¥aRata¥ oot ol al o ¥ o Y gt ot

Program I!

ANALYLIYS uwubr SLRIES ClkCulT
MAIN PRUGKAM CALCULAITLS THL INCREMENTAL viESCRIUDING FUNCT LuN
FOR A SINUSOIDAL INPUT.,
PRUCGKRKAN DT hetlNED THE MALGNITUULE CLF Tt TKRANSFEK FUNCTIUN Ao A FUNCTIUN
UF THE LINEAR CAPACITANCE e THE KkbAL AND THE IMAUINERKY PARTL UFR THe
TRANOFER FUNCTION Ak ThitN PLUTTeu AND THie PLOGT 1S UScw TJU wve TERMINE
Tht CRITICAL VALULOL CF CARPACITANCE Tu PLACE Thi Y95TeM IN t'Re

VDEHINITIUN UF TERMSS le OVLOCRIVING FUNCTIUN

—— e e M . A s e o e — e — -

NCETM=LESCRIGCING FUNCTIGH UF THE Inibdul Akl L TUOL »
FNCRIM=OERIVATLIVE UF NCRTM wlTid KESPLCT TC CURKENT
AMIFLITUDL o

CRTIM=INPUT STubvAL AMPLITUDE TU NUN-LINCARITY.
CikTZ=VALUE CF CUKRKRENT AT Toc KNEe ur The
NOUN-LINEARLITY o

CCChTM=UE SCRIUING FUNCTIUN Clelice CeNTole
CRCRTM=VESCKRIBING FUNCTIUN CLIRCLE nALIUS,

Ml=SLLkE UF 1STe SLCTIUN CF ThE: NUN—=LINCAKITY,.
MZ=5LCPue OF Thi 2nNue SHSLCTILHW UF THEL NURN-LINEAKITY.

2e TRANDIFLIK FUNCTION

L= LIncaik INLUCTANCE

k= KWESISTANCL

C= CAPACITANCEL IN PLK UNILT
Cl=CAPACLIT ANCLE

KL (G)= +01

130 (u)=¢52

EGUATICN LaLbue

¢



ne ~o
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PRINT ¢ ‘
LC 444 J=1,91
FEALLL(U)
(:(#)=%({)*u./auu7g1
S1=(LA(C U2 )= (U )/ Ll 2 ) (L (U)rpe) b (l-L¥C e
E22(hea{C(IInn2) )/ hnss) (L(J)vva)o(l—L¢c(J))*ij;, )
LATALX(J =51
CATALY (J)= 5.
Py CONT L



[a¥ala¥e¥a r (o TN S TN o TN o

~

SH 5

PhRINT ¢ '
PRINT ¢ '
FikIinT 0 .8 C(1) IN Mpe 0
10 P Lt IMAGEULILY
FIRINT, ¢ o Y L
l. .’. -------- ]
PRINT o '
DC €LE [=1,51
FRINTLCL(L) CSCATALX( 10
CUNTINUE
PRINT 40 A
CALL CKRAPH{SOS1 yUDATALIX LATALY sUs1U2s20eU910eVsl10,
IXLAE, YLAB,*ChITICAL VALuLS". INDUCTANCE 13°)

N=1S

KEAL oMY o M2,CrT L

OC cu I=14N
FEAUJCHTMIT) o TITLE

FIINT o ¢CRT ML I)
FIKINT, ?
PATOURT= LM'Z/LVTM(I)

¢ LRIV L)

FIRINT oW IKATO T g KATOCHT
CChRI=1=(RATCKT )% 22
FRINT, *GUnT=14,,U(RT

FChTI=SWT(GURT)
FIRINT 9 Ch T =9 3FC T

FChT=F QeI ¥icATOIT
Fixc BT g ¢aCs 1= Y g1t

ANGZ=AKo iinlica T T)

CALCULATIULIN v NG T

NCHTIACa )y (Lo vl =wd/elualeyy

F)3 Lnbiuadit-Cainld )+,

YyunTALY (L)

Us~1UUeslUer=DUs s

)

Fce



325

RIAZERE RSN}
MOYNT O I = )
14r=¥y
Ic¢tl=C ¢ N
HONTHOCTI )L~ Y= (YY) D)) =(T )N
MOIME A T=-=MINT
CC/ZCCLIIWEININI— (YNNI =t (TIW LMD (FIW] -DIDD) ) =MINT

' AN R
' s S LMD M
(TINLXMDMD, 1S CTIEHDD DS, s CINT A
Y o1
¢y v s CANT MA
D PSNTAYXM, ¢, o 1
S HMIIMAD Nt e CINT A
. ' e $IMNI NS
(T-) (0T IWLIOINGR(TINEYD 1
ACTIWEMOIMEZH72 (P x5 ((TIWLMIM)IIIZCCTIWLHINAXC(TIW L)Y =( TIRWLMIND)
COTIWLEHINCR (T IWEHDE(TINLHDINN A% (&2 ( (T IWLON))) 1
ZULIIVIIDONA* (T IWINDH LTIWENMINGZ)I4=( T IWLMIDD)
___________________________________________ ZONY S s 27ONMY S EINT YUY
tEMY AONICTIHDSAC SHYL 40 SCINVYY AONY NI LINTD) JIHTD 40 NOTIVINODIY)
(TYNLMOINGS y = (T INL YN *LNT M
(72D /(a1 MOLY™) 1

(t+
FOZLHDNY /P (L2DAVHY =)k ( I/ VIR (L2AGTIH NS Z(ZW=TM ) et ) )=( T)WLMNINS

SCTYWIMOMA AATLVATHIO WEMIN 4D NNT LYIND V)

(THIWIMON S = (TYWIMDONG CLNT Y

[OAT NS A

< Vv

U JdY

o J

(URV RS RO R



OcC.r

o

~nONn

CALCULATIUN LE ThE INCHREMENTAL vbtoChldING FUNCTIUNS

- - G S - o gt S Ge = - e " —S o S > By e S A A W S " . e e T P e . S o G Y= = s - — —— ———

Fis INT» ¢ ¢

FRINT ¢

FicINT, ¢ Ca VCURKENT Y Iy *CIRCLLEY

FRINT, o e e e e e e e e e e
N=32

CC 1Y JU=1sM
SWURVECRCRTMIL )& %2=-(U(J I HCCOURTME L)) %R
LF(SQURV el T e 0)THEEN CO

]

FRINTy ¢

PRINT ¢ e

P INT o *CURRKENT=® yCkTM L) TITLL

PRINT o '
PRINTsU(J)I="yU(J)y? Y YOUURVYE® g SuURY
Pl INT Y o0 ",

NEGATIVe osuuhV IS CISCARDLY FhUv Tiilo ULATA HET

PikKINT o ? ¢

PRINT, ¢ ¢

GU TuU 1O
tLLt DU

N Tt
V(Jd)=vunT(S5uUuhV)
LATALX(J)I=u(J)
VATALY(J)=V(J)
CLNTINUL

9¢¢



BLNT Y

C
C
17
1
X
1
1¢
1
1d
¢
i)
| RYXVEVRV]
20
STC
tNU

LESlnlttlNe FUNCT IUN uxAPR

s e G Bt = T e . e e S e

- X=X
LK 4 K ¥
T 1} o~ | -~
» <X C
. - L)
7
-

e (5
R o~
Y
~

ot Do D> IO

Z o X i ta
aC~ |l <~
e [T XX~

T
D

L PARTE 0

¢y PMAGNL TUDE
FRINT,® LR oy

IEX24V(J) xR 2
= T(MAOLSUK)
= y/udlJ)
NPHASE( 1
PINT JU ’
NPHASE(J) o
CLNTINUE

whiITL(VATLALBsLIULLU)

t a1l MAGINERY PAKT Y,
T, "NPHASE Y

LUHTD T e 29 LT TYEAATAN(VIURAT)
¢ CaVILJd) et
CeMAG(J)

FURMAT (" CURKRENT Yy 12y v)

CALL OURKAPHS( L9 sUATALTA UVDATALY 3001l 0O sLATLAUL)
CONT INUL

F

LZE



(
C

g9
50

Program V
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XII. APPENDIX D: DERIVATION OF THE TWO-SLOPE

INCREMENTAL INPUT DESCRIBING FUNCTION

A, Pi Circuit

The Describing Function is a complex gain which at
fundamental frequency (60 Hz) modifies the amplitude and
phase of the input to the nonlinearity.

Phasor representation of output component
at frequency w

NU‘m’“’) ~ Phasor representation of input component
at frequency w

Now, if the Describing Function has an in-phase and
quadrature components and a continuous first derivative

with respect to Km’ then:
N(Am) = Np(km) + qu(km) (12.1)

..Output = Input [Np(lm+11cos¢) + qu(xm+ u coso) ]
(12.2)

Input) (N + N _ I t
(Input) ( p) j¥; Inpu

N
= (Input)(ND) + jw.]% Input

N
g d_
(Input)(Np) + — 3% {Input)

il
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Substituting Equation 4.26

= - u .
Output = (Am+ucos¢)[ﬁp(km+ucos¢)151n(mt + X; sing)
N (Am+ucos¢) "
+ 3 (A_+ucoso¢)wcos (wt + —sing)
w m Am
dN(Am) _ 0o
Output = (Am+ucos¢)[Np(Am)+ucos¢ ——g%;——]Sln(wt + X551n¢)
dN_(A_)
Sm u .
+ [Nq(lm)+ucos¢ —i%gg——][km+ucos¢]cos(wt+x; sing)
_ . Ll__
Output = (Am+ucos¢)Np(km)51n(wt + Am51n¢)

dN
. U
+ (Am+ucos¢)ucos¢ aTiSln(wt + 1551n¢)

U
+ (Am+ucos¢)Nq(Am)cos(wt + X531n¢)

dN
+ (A_+ucos¢) ucos¢ —3dcos (vt + H—sin¢)
m dkm Am

_ . B ooso
Output = (Am+ucos¢)Np(Am)51n(wt + 3 sing)

m

. . [N
+ (Am+ucos¢)Npucos¢ sin(wt + 1 sind)

m

+ (km+ucos¢)Nq(Am)cos(wt + %—sin¢)

m

- u .
+ (Am+ucos¢)ucos¢ chos(wt + X—51n¢)

m
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—_ . l_l_ .
Output = (Am+ucos¢)Np(km)[51nwt cos(xm51n¢)

+ cos wt sin (¥~ sing)]
-

+ (Am+ucos¢)ﬁpucos¢[sin wt cos(%—sin¢)
m

+ cos wt sin(H—sin¢)]
Am

: TR
+ (Am+ucos¢)Nq[cos wt cos(xm81n¢)

- sin wt sin(%—sin¢)]
m

+ (Am+ucos¢)ucos¢Nq[cos wt cos(%—sin¢)
m

- sin wt sin(%—sin¢)]
m

- Output = (Am+ucos¢)Npsin wt cos(%—sin¢)
. m

. U .
+ (Am+ucos¢)Npcos wt 51n(1551n¢)

+ (A_+pcosd)N_ucosé sin wt cos(E—sin¢)
m P Am

+ (A_+pcos¢)N_ucos¢ cos wt sin(B—sin¢)
m P Am

\ }J—- .
+ (Am+ucos¢;chos wt cos(A sing)

m
_ . . u_ .
(Am+ucos¢)Nq51n wt 51n(lm51n¢)
+ (A + cosp)ucoséd N_ cos wt cos(HEiEg)
m g lm

(Am+ucos¢)ucos¢ Nqsin wt sin(%—sin¢)
m
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Since cos(%— sin¢) = 1
m

and sin(%— sind) = %— sind
m m

_ . B oo
Output = (Am+ucos¢)ﬁp51n wt + (Am+ucos¢)Npcos wt(xm51n¢)

+ (Am+ucos¢)Npucos¢ sin wt

+ (A +ucos¢)N_ucosé cos wt(E—sing)
- . using
+ (Am+ucos¢)chos wt (Am+ucos¢)Nq51n wt(_—fg—)

+ (Am+ucos¢)ucos¢ chos wt

. . v
(Am+ucos¢)ucos¢ Nq sin wt(7551n¢)

Output = AmNpsin wt + uNpcos¢ sin wt + Npusin¢ cos wt

N
+ Xguzsin¢ cos$ cos wt + AmNPUCos¢ sin wt
m ,
+ u2c052¢sin wt Np
. u2 3, 2
+ A_N_T—cos¢ cos wt sino+ Y N cos ¢ sin¢ cos wt
m pA AP
m m
+ A_N cos wt + uN _cos¢ cos wt - uN sin¢ sin wt
m g q q
N uz _ .
- —%——cos¢ sin¢ sin wt + Amucos¢ chos wt
m

+ uzcosz¢ﬁqcos wt
.2 T
- Am Nq %}— cos¢ sin wt sin¢ - —%——cos ¢ sin¢ sin wt
m m
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Neglecting all terms which include uz or u3:

Output AmNpsin wt + uNpcos¢ sin wt + Npusin¢ cos wt

) i + +
+ AmN ucos¢ sin wt Aqucos wt qucos¢ cos wt

p

- UN siné sin wt + A pcosé N cos wt
u g & - % q

Output AN sin wt + A_N cos wt + uN_sin (wt+
P o p m'g u b ( ¢)

+ uN cos(wt+¢) + A _uN_cosé¢ sin wt
u q ( ¢) oM D ©

+ Amucos¢ Nq cos wt

Output AN sin wt + A_N cos wt
In p mqg

+ u[Npsin(mt+¢) + chos(wt+¢) + Amﬁpcos¢ sin wt

+ Amcos¢ chos wt]

Phasor representation of

output component at fre-
guency w

Phasor representation of

input component at fre-
gquency

Incremental Describing Function =

= N(}\mlq))

AOutput = u[Npsin(wt+¢) + chos(wt+¢) + AmNpcos¢ sin wt

+ A_cos¢N _cos wt]
m a

u[Npsin(wt+¢)+chos(wt+¢)+kmﬁpcos¢ sin wt

AOutput _ + Amcos¢ chos wt]

AInput usin (wt+9)
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. m
. j(wt+o+s) . . T
j (p+wt) 2 . jwt . Jlwt+s)
N_e +N e +AmNpcos¢e g 2

_ g
Nl 9) SICED)

36 3 (9+5) ) . i3
_ Npe + qu . + AmNpcos¢ + Aque cos¢
L

. T T

- o I3 : . I3

N e3¢+ N eJQe 2 + A_N cos¢ + XA_cosop N _.e 2
p g m p m q

Jo
e

jo, - o . . .
Npe + JN_e + AmNpcos¢ + jkmcos¢ N

q _ g
KL

: . , . =50
N _+3N + N +
( b 3 q) (Am pcosqb jkmcos¢ Nq)e

(N(A) + xmcos¢[ﬁp+jﬁq]e‘j¢

N(A) + A_coselN (r)le 3

Jie™39 -
e-+e R ~30
N(Am) + Am(——i————)N (Am)e

AN(A) )
I T (147239 (12.3)

NOL,0) = NOg) +

This is the Incremental Input Describing Function based
on two-slope magnetization curve Describing Function of the

pi circuit.



338

B. Series Circuit

If the describing function has an in-phase and qua-

drature component and a continuous first derivative with

respect to Im' then:

N(IZ) = N (I) + 3N (1) (12.4)

Output Input [Np(Im'HJCOS¢) + qu(Im+]JCOS¢)] (12.5)

N
= A
Output (Input)(Np) + = dt(Input)

Substituting equation 4.28 in the above:

U

Output = (Im+ucos¢)[Np(Im+ucos¢)]sin(wt + T;sin¢)
Nq(Im+ucos¢) 0
+ = (Im+ucos¢)wcos(mt + f—sin¢)
m
dN y
Output = (Im+ucos¢)[Np(Im)+ucos¢aT§]sin(wt + f;sin¢)
dN "
+ [Nq(Im)+ucos¢ afi][lm+ucos¢]cos(wt + f;sin¢)
Output = (I_+ucos¢)N _sin(wt + E—sing)
m o) Im
dN L
+ (Im+ucos¢)ucos¢ astin(wt + f—sin¢)
m m
v
+ (Im+ucos¢)chos(wt + T;s1n¢)
dan

Lcos¢ g M
+ (Im+uc05@)ucos¢>dImcos(wt-+I sing)

m
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Output = (Im +ucos¢)Npsin(mt + %—sin¢)

m

+ (I_+ucos¢)N _ucosé sin(wt + S—sing)
m P Im

+ (I_+ucos¢)N cos(wt + E—sind))
m g Im

+ (I_+ucos¢)ucosod N _cos(wt + E—sin¢)
m g Im

Output = (Im+ucos¢)Np[sin wt cos(%—sin¢)+cos wt sin(%—sin¢)]
m m

+ (I +ucos¢)ﬁ pcoso [sin wt cos(E—sin¢)
m P Im

+ cos wt sin(%—sin¢)]
m

uo.
+ (Im+ucos¢)Nq[cos wt cos(3551n¢)

o

In

+ (Im+ucos¢)ucos¢ﬁq[cos wt cos(%—sin¢)
m

- sin wt sin( éin¢)]

- sin wt sin(%—sin¢)]
m

Output = (Im+ucos¢)Npsin wt cos(%—sin¢)
m

+ (I_+ucos¢)N cos ot sin(E—sin¢)
m P Im

+ (Im+ucos¢)ﬁpucos¢ sin wt cos(%—sin¢)
m

+ (Im+ucos¢)ﬁpucos¢ cos wt sin(%—sin¢)
m
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oo,
+ + —_—
(I_+ucoso)N cos wt cos(I sind)

. PP T R
+ =—
(1 ucos¢)Nq51n wt 51n(I sing)

+ (I +ucos¢)ucos¢ ﬁqcos wt cos(%~sin¢)
m

(Im+ucos¢)ucos¢ ﬁq sin wt sin(%—sin¢)
m

Since cos(iL sing) =1
I -
m
and sin(%ﬁ sin¢) = %L sing¢
m

m

Output = (Im+ucos¢)N sin wt + (I _+ucos¢)N cos mt(E—sin¢)
p m P Im

+ (Im+ucos¢)ﬁpucos¢ sin wt

+ (Im+ucos¢)ﬁpucos¢ cos wt(%—sin¢)
m

+ (I + - : s
( o ucos¢)chos wt (Im+ucos¢)Nq51n wt(Im51n¢)

+ (I_+ucos¢)ucos¢ ﬁq cos wt

_ ° . H_ .
(Im+ucos¢)ucos¢ Nq51n wt(Im51n¢)

Output = ImNpsin wt + uNpcos¢ sin wt + Npusin¢ cos wt

2
N u .
+ —%——sin¢ cosd cos wt + ImNp cosd sin wt
m
+ u2c052¢sin wt ﬁp
. 2 3. 5
+ IN E—cosq: cos wt sing +=—N_cos“¢ sin¢ cos wt
mp Im Im P
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N (Im,¢) = IDF

_ AOutput

N(Im’(b) ~ AInput

N sin(wt+o)+N cos(wt+¢)+I N cos¢ sin wt
uIN_sin(wt+o)+N_cos (wt+9)+I N _cos¢

+ Imcosq) chos wt]

N(Im’q)) = usin (wt+9)
. . ™ .
N eJ (0rut) o Jlut+e+s) b g cos¢ vt
j2 mp
- ~ TT
+ I_cosg quj (wt+ _2')
N(Imr¢) =
oJ (wt+9)
]¢ j(¢+12T") . - . J‘lT'
_ Npe +qu +?mNpcos¢ +Imcos¢ Nge 2
eJ¢
T ji
N ej¢+N ej¢-e 2+I N cos¢ +I_cosd N e 2
- g m p m q
oJo

N ej¢+JN ej¢+I N
= _P g m
e

coso +jImcos¢ Nq

P
¢

: : : ¢ ye-30
Np+]Nq+(ImNpcos¢ +jImcos¢ Nq)e

X -3¢
N(Im) + Imcos¢ N(Im)e
9 0-30
2

j .
e - -J¢
N(Im) + Im( )N(Im)e

I_N(I_)

N(I) + —m—i—m—(1+e‘2j¢) (12.6)
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XIII. APPENDIX E: SOLUTION OF THE PI-CIRCUIT

EQUATIONS USING JUMP POINTS

_.....3|..._..
0
m%
-3
()
>
U

ar(t) _da(e) | S ® (13.1)
at di (€] at :
1 dx(t)
I = Y, (13.2)
DF ~ N(A_) di, (t)
and
di_(t)

dia(t) _ L

at - prar (13-3)

Laplace transformed equations:

SA(s) = LDFSIL(S)

..A(S) = LDFIL(S)
Using Equation 3.8

Ein(s)

R+LS I_(S)

A(s) =

s(1+Rcs+Lcs2) S (1+RCS+LCS )

2 L



343

or

E._(8)
sh(s) = —22 - R+LS ST ()
1+RCS+LCS 1+RCS+LCS
E._(8) :
SUL(S) = sA(s) = ——B . RS L))
1+RLS+LCS 1+RCS+LCS DF
E._(8)
VL(S) = in 5 - (R+LS) 5 A (S) (13.4)
: 1+RCS+LCS Lyp (1+RCS+LCS®)
T . _(R+LS)A(S)
- 1 RC 2 1 RC 2
LC(L—C + ES‘!‘S ) LDFLC (L—C' + ES'!‘S )
Fin8)  (ZE5 s
_ LC _ _TDF
2 R 1 2 R 1
S + ES + ic S + ES + ic
Eln(s) §+Lic A (S)
_ .C DF
v, (8) = V) - 2
R ,2 R 1 R ,2 R 1
(S+5=) " = 25 + = (S+52) 7 - T =
2L a2 IC 2L 12 IC
E;n(S) RTLS ,(s)
IC Lppl€
VL(S) = -
R ,2 2 R ,2 2
(s+§f) + Kl (S+§E) + Kl
where
2 1 2
K = e— .R_.—
1 LC 2
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Since e._(t) = E_sin wt
S
and
A(t) = ADFSln wt
LA(E) = A(S) = A.n(——s)
DF Sz+w2
Emw R+LS A
—_ L. ._LC 'DF
.ZVL(S) = L¢ - DF
2. 2 R .,2 2 2 2 R ,2 2
(S%+w%) [(S+5p) K] (874w ) [(S+355) © + K]
Emw _ (R+LS)ADFw
_ LC L__LC

= DF

(S +w )[(s+R )2 + Ki]

w w W
(Em _ RAgp - Lipp :
Ic LopiC I__1LC

v (S) =

(52r02) [ (5:80) 2ax?)

LDFEmw-RADFw LA__w

DF
v (s) = -LDFLC LDFLC _ al 2S . a3+a4S
L 2 2 2. 5242 R .2 2
(S"+w )[(s L) + Kl] (s+§f) +K]
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2, 2
o+, S (a,+a,S) (ST+w™)
v (S)(Sz+w2) =-—£——a———(sz+w2) + 3 4
[ s==Fw (s+57) ° + K]
(a3-jwa4)(j2w2+w2)
= o, -jwa, +
1 2
(—'w+B-—)2 + K2
JuTgT 1
. 2.2
Lo —juwa, = VL(S)(S +0®)
sS==jw
LopEn® Ripp®  App® 2, 2
[—t—1c - ol (5w
. DF DF
a-jwe, =
[(s+20) 2 + %1 [s%+0?]
2L 1 —_
s=-juw
LDFEmw—RADFw ) ADFm(—jm)
o —jua, = LDFLC LDFC
T ese + By2 4 g2
J 2L 1
L _E w=-RA__w JA w2
DF  m DF + DF
) LDFLC LDFC
2 2

.2 2 .R R 1
-3 e - T



a,-jwa,

¢y -juwe,

a,-jwa,
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. 2
LDFEmw-RkDFw+3LADFm

2 .Rw 1
LDFLC(—w - + fE)

' . 2
(LDFEmw—RkDFw) + jLADFw

2 .
LDF(—LCw -qRCw+l)

. . 2
(LDFEmw-RADFw)+JLADFw

2, .
LDF[(l-LCw )=jRCw]

. 2 2, , .
[ (L Emw—RADFw)+jLADFw 1 [ (1-LCw“}+jRCw]

DF

Lo [ (1-LCw?) -jRew] [ (1-ICu?) +3RCu]

(1-LCw?)

. 2
+ ]LADFw ]

. 2 .
[(LDFEmw-RADFw)+jLADFw ]+3RCw[(LDFEmw—R>\DF

)

2.2 2.
LDF[(l—LCw )© + (RCw) “1]

2 . 2 2
(1-LCw )(LDFEmw-RADFw)+j(leLCw )LADFw

. 3
+ jRCw(LDFEmw RADFw) RCw LADF

LDF[(l-LCw2)2+(RCw)2]

2 3
(1-LCw )(LDFEmw-RADFw)—RCm LADF

LDF[(l-LCw2)2+(RCw)2]

2 2
LADFw (1-LCw )+RCw(LDFEmw—RADFw)

+3
LDF[(l-LCw2)2+(RCw)2]
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2 3
.- (1-LCuw )(LDFEmw-RADFw)-RCw LADF
1 LDF[(l-LCw2)2+(RCw)2]

2 3
- L Emw-RADFw-LCw (LDFEmw-RADFw)-RCw LADF

_ DF
= 2.2 2
LDF{(l—LCw ) “+ (RCw) 7]
L. _E w=-RXA w—LCw3 E +LCw3RA -RCw3LA
o - _DF'm“ " FpF Tor®m DF DF
1 LDF[(l-LCw2)2+(RCw)2]

3
LDFEmw—RADFm—LCw LDFEm

2,2 2
LDF[(I-LCw ) “+ (RCw) “]

2
LDFEmQ(l-LCm )-RADFw

o =
1 LDF[(l—LCw2)2+(RCw)2]
ox
2 ApF
Emw(l-LCw )—Rw(ir—ﬂ
0. = DF
1 (l—LCw2)2+(RCw)2
LA w2 (1-LCw?) +RCw (L. _E_w-RA__w)
—wa, = DF DF m DF
2.2 2
LDF[(l—LCw ) “+(RCuw) 7]
2 2 2 2.2
e = Lippw” (1-LCw™) +RCLE w“-R"Cu“A o
2 LDF[(l-LCw2)2+(RCm)2]
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3.2 2
LADFw—ADFm L C+RCLDFEmw—R CwADF

2,2 2
LDF[(l—LCw ) T+ (RCw) 7]

2 2
LADFw(l-LCw ) +R CwADF+RCL

DFEmY

2,2 2
LDF[(l-LCw ) "+ (RCw) 7]

2 2
_ XDF[wL(l-LCm )-R Cw]+RCLDFEmm

2 2
LDF[(l-LCw )+ (RCw) “1]

2 2, _
ADF[R Cw-wL (1-LCw*) RCLDFEmw_

L[ (1-LCw?) + (RCW) 2]

orx

A
DF [R%Cuw=-wL (1-LCw?) ]-RCE_ w
T, -

(03
2 (1-LCw?) 2+ (RCw) 2

R .2 _2 _, 1 72 R ,2,.,2
VL(S)[(S+§f) +Kl] —(—jrzﬁfﬁ [(S+ ) “+KT]

2

R 2
(s+§f) +K3
o, +a,S

1l 72 -R . R ,2 _2
27z Lgg ~IK tap) +K] F agte,S

S +w

o, +a,S
172 ..2.2,.2 R .
22 KK I Fagte, (mop-IK))

S +w2 1
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R _. _ R ,2 2
0370y 7 T3ogKy = Vi (8) [(S+H5p) " + Ky
s K
2L -1
LDFE w=- RA F _ ADch]
L. LC L..C”
- _DF DE” . ((s+5p)° + K]
R
[(s+5% ) 2,x2 ][s +w ] S = -37~
LDFE w— RA _ ADFw[ R o
) L pLC LpC 2L 1
[( IELSL 2 1° ]
LDFEmw—RA . ADFwR .ADFle
_ LopiC 20T C L gC
2 RK
R i | 2 2
+ J—— - K] + w
ZEZ i 1
LDFEmw Rl . ADPRw . ADF K1
T__1C 21T C 3 L rC
o,=C L S ja K, = DF
37%42T T 1% 22 RK;
5 + 3 T Kl+w
4L
LDFE w-RADFm . ADFwR . ADFle
) L pLC 2LT.C LogC
R + jEEl [i— R® ] + wz
a2 L IC 42
LopE® _ 2RA, . App@R . ]ADFmKl
) LoplC  2LpIC ~ 2LLC LpgC
R® Ry 1 g2 2
Lz T Tt 2t
4L 4L
[(LDFEmw XDFmR e .ADFle :
) LopiC 2LTC LpgC
(& +21>+3RK11
2 C L
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LopPm® App®R  App@Ky g2 5 1 KKy
[ - )+ 11 A w21 54
L__ILC 2LL__C L_C 2 LC L
(¢,=a,- 2=)-jo, K, =—DF DF IZDF 2L
P A [(527+w2 %'C)+jR§l)[(R — I{C)—jm;l]
2L 2L
(LDFEmw _ AppwR )[(RZ . wz _ L)_jiK_l_]
— R 0 K. = LDFLC 2LLDFC 2L2 LC L
37% 2.7 3% 2 7.2
R 2 1.2 1
( +0° - TR+
21,2 IC 2z
jADFle[ (R2 + 0l - Ly -jfﬁ]
. LDFC 2L2 C L
2 2
RN
2L L
CoEPm” ApptR )(R2 e w2 - 1y
Lppl€ 2LLypCY "2 LC
_jRKl(LDFEmw AppuR )
6o, 2o K= L LpptC  2DEgeC
3 74 2L 471 5 R2K2
(R + w? - }_)2 + 1
2.2 IC 2
App@K 2 A wK2R
5 DF*"1 (R + w2 _1_) + DF 1
N LDFC 2L2 1.C LLDFC
2 2.2
R 2 1,2, RXK
(—2- + we - =) + 1
2L Lc L
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_RKl(LDFEmw _ AppuR ) ADFle(RZ I I
e - L L LC 2LL,C LopC o212 IC
YR 21,2, R, 2
;;7 LC ;7 1
E(LDFEmw _ ADFwR - ADFw(RZ . wz _ E_)
L 'L pLC 2LL.C LopC 212 C
4 T 73 2
(R -+ wz - l— 2 + Bsz
;LE C 21
2 2
RLDFEmw _ ADFwR ) ADFwR ) ADFw3 N ADFw
) 2 2 T..C 2
) L LgC 2L°LpC 2L°LC DF LypC L
2 2
e
2L L
2 2 3
RLDFEmw _ ADFwR _ ADFmR ) ADFm . ADFw
2 2 2 T..C 2
_ LLyC 2L°LC 2191, C DF LppC L
®g = 2 2
R 2 1.2  R® _2
(= + w” - =) + K
212 LC L? 1
2 3
RLDFEmw ADFwR _ ADFw . ADFw
2 2 L..C 2
_ L Ly C L Ly .C DF LopC L
“y T 3 3
Cy v o - g« 5]
2L L
2 3
REmw _ ADFwR _ ADF“ . ADF“
2 2 L._C 2
B L°c L LpC DF LypC L
- p)
=4 Pt L, 2R w? 28 202 . Rz[l R? ]
R __ > i _
4’ rc? 21’ 2r’c € ZIC 42
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2
Y rpp - AR ] >‘DF‘"[;__ 2,
12 m T T LoC IC
r? &5 1 2rR%w?  2r® 2% RrR® R*
—Z tuw + ==+ 3 3" T3
4L Léc 2L, 21.3¢ 3¢ 4L
2
© AppR App® 1 2
> [RE ——7—1 + g—¢lfg —07]
L°c DF DF
w4 , 1 2w2 - R2w2
202 Lg 2
AR A
. pE® 1 2
5—[RE - EF 1 + ¢ EC[EE W]
Léc DF DF
(w4 2w2 + 1 ) + 2R2w2
IC 1202 y:
2
REmw _ ADFwR ADFw(i_ _ wz)
’c 1%n_c Dpr© IC
Ao W22, R2,2
Ic ny:
T lorwR® w1 |2,
e Lpp 1.2c  CLC
)
1 ,. 2,.,2 R%w
[E(_L-LCw ) ] -+ >
L
RE _ ADF(wRZ) . WALE L~ 2
t’c  Ipr pc Chpp LC
22
1 2 R%w
(1-LCw™~) +
122 L2
A A
CRE_v - zgf(wRZC) + igg(wL)(l—Lsz)
DF DF

(l—LCw2)2+ R2w2C2
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A

CRE w - ZEE[RZCw-wL(l-LCwZ)]
o = DF
4 (1-LCw?) 2 + (RuC) 2
and
L._E w AR 2 A wKZR
DF_m pF” RS, 2.1,  TorT1
- (E_) _ LDFLC 2LLDFC 2L2 LC LLDFC
3 74*2L RZ 2 1 2 R2 5
Czte -~ 35K
2L L
L_E w2 AR .2 A wK2R
DF m '(R u)2 1 ) DF (R +w2 1 ) DF 1
_ LDFLC 2L§ L.C 2LLDFC 2L2 LC LLDFC
2 2
1 2,2 R%w
———7(1-LCw )<+ —
L2C L
2 3 3
_ LDFEme . LDFEmw ) LDFEmw ) ADFwR
”e 3 L _LC 2.2 3
2L LDFC DF LDFL C 41, LDFC
3 2
_ ADFRw . ADFwR . ADFleR
2LL._C 2.2 LL_..C
- R_ _ DF 2L°C LDF DF
3 74 2L 1 5 R2@2
"E"E(I‘LC“ ) + >
LecC L
2 3 3
LDFEme LDFEmw ) LDFEmw ) ADFwR
3 L. .LC 2.2 3
2L LDFC DF LDFL C 41, LDE‘C
3
ADFRw . ADFmR . ADFNR[L_ ) RZ ]
2LL__C 2.2 L __LC"LC 2
- _R_ _ DF 2L°C LDF DF 4L
3 74 2L 1 2 2 szz




v, (s)

Ve, (S)

2 3 3
LDFEme +LDFEmw _ LDFEmw _ ADFwR
3 LC 2.2 3
211, C Lor L L°C 2r’L C
3
_ ADFRw . 3XDFwR
2LL__C 2.2
_5 _ DF 2L°C LDF
2L
2 2
1 (rcw?)? 4 B
L™C L
2 A 3
(CBW 4 (1-ncw?)] - PERCY _ 2R + wireL)
m L L L
DF
(1-LC 2)2 + R2C2w2
_ al+a25 . a3+a4s
- 2. 2 R |2 2
ST +w (S-!ﬁ) + Kl
_ ¢y . aZS . Qg . a4S
-2, 2 2, 2 R ,2 2 R .2 .2
S+w S%+uw (s+-2—i) +Kl (S+—2L) +Kl
[0 . K
1, w S z 1
= —( ) + oo, ( ) + =1 ]
w Sz+w2 2 82+w2 Kl (S R )2+K2
2L 1
R R
Sto— -2
+ a4[ 2L 2L ]
R .2 .2
(S+2_f.) +KJ
o o1 K
= 22+ a5 ¢ B2 ] + g
w 2. 2 2°' .2 2 K 4
ST+ ST+w 1 (S+E—)2+K2
2L 1

_ a4R Kl
2LK R .,2 .2
1 (S+2—L) +Kl
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L (8) = v (v)

V. (t) = E!'-sin wt + a,cos wt + 3e—ﬁtsin K.t
L* T 2 Ky 1
-3zt @R —ppt
+ 0L4e cos Klt - 'Z_Lf{—l e sin Klt
@y a3 @4R §§t .
VL(t) = E—s:.n wt + a,Ccos wt + (K—l- --Z—LK—l)e sin Klt
i
+ a4e cos Klt
or
o -3¢t '%Et
VL(t) = w—s:.n wt + azcos wt + Ye sin Klt + a4e cos Klt
o
1l
@ 2 o o ey
VL(t) = (w—) +a, [ -—————sin wt + ————co0s wt]
/@1 2 o /%12 2
(w—) +a2 (G_) +02
R
7] ¢4 it

+ /Yy +ai [—Y—sin K.t + ———cos Klt]e

1
/Y2+a2 - /Y2+ai
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[ %12 2
() +d,[cos ¢; sin wt + sin ¢; cos wt]

VL(t) =
+ Jyz+a2[cos ¢, sin XK.t + sin ¢, cos K. t]
4 2 1 2 1
R
V. (t) = (El)2+a2[sin(wt + ¢,)1 + y2+a2 jit[sin(K t+0.,) ]
L w 2 1 4 1 2

Steady state solution:

o
v (8) = J( 1,2 a sin(wt +6,) = Asin(ut + 6))

where
a
¢, = tan T EZ
1
W
A
¢l = tan 1 a%—
1
and
o, 2
1 2
A = (-(;—) + CX2
a, 2
2 %1 2
A = ((—U—) + a2
2 AbF
E w(l-LCw") - Rw(—
m Lpp
ey = 3
(1-LCw?) 2+rR%c2y2
‘pp._2
LD ——[R"Cw-wL (1-LCw )] RCE w
F
% = 272 2

(l—LCw ) + R°Cw
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A
E (1-LCw ) R(—-—)
%41 _ Lo
© (1-Lcw?) 2+rR%C2 w2
0‘2
2 _ % 2
A = —2- + az
w
2. . *oF, _2 2
[E (l—LCw ) R(—-—-)] +[(L—-) R°Cw-wL (1-LCw") —RCEmw]
DF DF
(1-LCw?) 2+R%C%y2
‘pp .2 2
w-L——-[R Cw—wL(l—LCw )1- RCE w
_ -1 DF
¢, = tan
Ll 2 Abp
Emw(l—LCw ) ~Rw (f—')
DF
ADF . _2 2 2
—[R°Cw-wL (1-LCw )]-RCEmf.u
_ -1 LoF
b, = tan
1 2 AbE
Em(l—LCw )-R(f—_)
DF
-4 - _, 2LK,
cbz—tanl—ﬁ:tanli—L—l_—fl—
Y 0.3 d4
Total solution:
R
: 35t .
VL(t) = A s:.n(mt+q)l) + Be s:.n(Klt+¢2)

where

B =/ Y2+a2
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+ w(l—Lsz)]-

A

Lpp

L

DF R3Cw

—(

- 2wR+w3RCL)

CRE_uw-
m

A

L

2.2 2

(l—Lsz) + R°C%w

DF .2

DF

[R Cw-wL(l-Lsz)]

(1-LCw?) %+ (RwC) 2

) JQQLa3—a4R )2 . a2
2LKl 4

- QP -
= CEE[ASln(wt+¢1) + Be

dt

R
25t

sin(Klt+¢2)]

c[chos(wt+¢l) + B{-(gf)e

+

e

-2
2L

t

X

1

cos(Klt+¢2)}]

R

2T

t

sin(Klt+¢2)
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R '%ft
lc = CwAcos(wt+¢l) - CB-Z-i—e sin (Klt+¢2)

+ BK,Ce cos (Klt+¢2)

. 1 f ,
i = ——[Vv_(t)dt + i_(0)
L LDF L L
1 ([t -3¢t
i = —| [Asin(ut+¢,) + Be sin(RK t+¢,)1dt + i
L L 1 1 2 L
DF‘0
I II
1 t
I= ———f A sin(wt+¢;)
I"DF 0 »
—-Acos (wt+9. )
1 1.t A
I-= [ ]~ = = =——[cos(wt+$,) - cosd,]
Lpp ) 0 Lppt 1 1
I=- A [cos(wt+d,) -~ cos ¢,]
1 1

Lop®



360

B [t 73zt
II = —| e sin(K,t+¢,)dt Integrating by parts
L 1 2
DF’ 0
-7zt
a = sin(Klt+¢2) and av = dt
R R
-t =t
du _ V=e2L __2L_ 2L
& chos (Klt+¢2) = <<
2L
R
B . 2L 2LY .
= —|[-=e sin(K,t+¢,)
LDF R 1 2
R
t -5=t
2L 2L
- Jo-j§e chos(Klt+¢2)dt]
2BL -?—Lt
1T = - i e sin(Klt+¢2) +
DF
2LBK, (t -g—Lt
+ IR j e cos(Klt+¢2)dt
DF 0
R
=t
dav = e 2L at u = cos(Klt+¢2)
R .
v—eﬁt = ZLA_%t du = -K,sin(K,t+¢,)dt
=~® - "®r° u = 1sin(K; ¢
. 2L
R R
2LBK -==t t -—t
_ 1,..2L_ 2L 2L 2L
IIT i;;ﬁ— [ —ie cos (Klt+¢2) JO Re Kl %<

b4 (-sin(Klt+¢2))dt]



R
- et ar’BRft -3gt
III= — e cos (Klt+¢2) - ;z——foe Sln(Klt+¢2)dt
LDFR LDF
2BL ’%ft 4BL2K1 '%it
II = —=—= ¢ sin(K.t+¢,)- ——== € cos (K, t+0,)
RLDF 1 2 L R2 1 2
DF
4LZBKl t —%ft
- ( e sin(K,t+¢,)dt
L_R? Jo L 2
DF
But
B (* '%it
II = T J e sin(Klt+q>2)dt
DF ‘0
5 4LZBKf £ —%it
(L + > )J e sin(Klt+¢2)dt
DF LDFR 0
Rt
=——2£e 2L sin(K.t+9¢.)
RLDF 1 2
4BL2Kl -%Et
- — e cos (K t+¢2)
L_._R 1
or DF
R _2BL R
t —ﬁt R DF -Et
e sin (K, t+¢,)dt = e sin (K, t+¢,)
1 1 2 1 2
0 B 471, BKl
(g—+ 2
DF L_._R
2 DF
4BL"K
1
LppR? 'gft
- = e cos (Klt+¢2)
41,7 BK
B 1
( + 5 )




ip (£)

ip (t)

iL(t)

I + II
L—'A—[cos(wt-i-d)l)—cos 9,1
DF®
-2EL
= R
RL -5+t
+ LB [ DF 5 le 2L sin(Klt+¢2)
DF 4L,°BK
B 1
T * 2
DF LDFR
2,
4BL I\l
2 R
L R -5+t
- LB { DF 5 ]le 2L cos(Klt+¢2)
DF B 4L BKl
Tor 12
F L..R
DF 2.2
_2B2L 4B°L Kl
RLZDF I..:ZDFR2
-« 5 )sin 9, + ( 5 ) cos ¢2
4L°BK 41,"BK
B 1 B 1
T *+ 5 =— *+ > )
DF LDFR DF LDFR
A
- [cos (wt+d.,)-cos o,]
LDFw 1 1
R4
+ LB [— -ZBEL e 2L sin(K;t+¢,)
DF R B+4L BKl
B 4BL2K1 '%t
+ —I— »—TIe cos(Klt+¢2)
DF BR +4L BKl
2.2
_282L 4B°L Kl
RL DF I"ZDFR2
- > )sin ¢, + ( > Jcos ¢,
41.°BK 41" BK
B 1 B 1
Tor Ty Tor | Lo
F LDFR F LDFR
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R

-—=t
LA [cos(mt+¢l)-cos ¢l] -1 [ 22BR§ Je 2L sin(Klt+¢2)
DF Ipr R%+4L K,
(13.5)
1 4L2KlB 'lz%t
I [ = y) ]Je cos(Klt+¢2)
DF R +4L Kl 2.2
_ZBZL 4BTL Kl
RL DF L2DFR
( 5 )sin ¢2 + ( 5 ) cos ¢2
41.7°BK 4L BK
B 1 B 1
I + ) T " )
F LDFR DF LDFR
lc + iL
R
CwAcos (wt+9,) S:-E-lie-_z-?"-tsin(K t+¢,)
1’ T 2L 1 2
_12’<_Lt
+ BKlCe cos(Klt+¢2)
- A [cos(wt+d,)~-cos o,]
LDFw 1 1
R4
- * [ 22BR2 I 2L sin(Klt+¢2)
LDF R™+4L Kl
- 7l Je cos (K t+¢,)
DF R +4L Kl 2 2
_282L 4B7L Kl
RLZDF L2DFR2
- 5 )sin ¢2 + ( 5 )cos ¢2
41,7 BK 41" BK
B 1 B 1
T T 2 Tt 2
DF LDFR DF LDFR
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i= CwAcos(wt+¢l) - %[cos(wt—*-qbl) - cos qbl]
DF

-—=t
- e sin(Klt+¢2) [giR + ZBISL > 1
LDF (R™+4L°K

1

-t 4LK1B
+ e cos (Klt+¢ 2) [ > > + Bch

LDF(R +4L Kl

2.2,
2 4B"L7K
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